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Abstract 


Since  the  1950-ies,  the  work  of  Professor  Victor  S.  Ryaben'kii  has  been  of  central 
importance  for  the  formation  and  development  of  numerical  methods  as  a 
mathematical  discipline.  International  conference  "Difference  Schemes  and 
Applications”  in  honor  of  his  ninetieth  birthday  took  place  in  May  of  2013  at  the 
Keldysh  Institute  of  Applied  Mathematics,  Russian  Academy  of  Sciences  (RAS),  in 
Moscow,  Russia.  The  conference  brought  together  a  number  of  leading  experts  in 
computational  mathematics  and  related  areas.  It  provided  a  forum  for  discussing 
the  recent  progress  in  numerical  solution  of  partial  differential  equations  (PDEs), 
and  for  reviewing  the  promising  new  trends  in  this  and  other  fields.  During  three 
working  days,  about  sixty  oral  and  poster  presentations  were  given,  discussing  the 
following  subjects: 

•  Numerical  analysis  of  PDEs  and  scientific  computation; 

•  Differential  and  difference  equations; 

•  Difference  potentials,  artificial  boundary  conditions; 

•  Inverse  problems,  mathematical  theory  of  active  control  of  sound; 

•  Mathematical  modeling  in  science  and  engineering; 

•  Computational  fluid  dynamics  and  mechanics  of  turbulence. 

The  conference  had  two  working  languages  —  English  and  Russian.  A  book  of 
extended  abstracts  was  published  before  the  conference  and  made  available  to  the 
participants.  A  special  issue  of  Applied  Numerical  Mathematics  is  currently 
underway. 
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Summary  of  the  conference 


One  of  the  central  topics  of  the  meeting  was  numerical  solution  of  partial  differential 
equations  (PDEs).  Several  subjects  were  discussed,  including  discretizations, 
boundary  conditions,  and  solvers.  A  special  emphasis  was  made  on  various  aspects 
related  to  high  order  accuracy.  In  particular,  J.  Hesthaven  (Brown  U./EPFL)  spoke 
about  the  combined  Fourier-WENO  schemes  for  problems  with  discontinuous 
solutions  (shock  waves)  and  E.  Toro  (U.  Trento,  Italy)  gave  a  review  of  the  ADER 
schemes.  N.  Mikhailov  (Russian  Federal  Nuclear  Center)  discussed  the  convergence 
of  high  order  WENO  schemes  behind  the  shocks,  which  is  known  to  be  a  delicate 
subject.  B.  Rogov  (Keldysh  Institute)  introduced  monotone  high  order  accurate 
compact  schemes  for  multi-dimensional  hyperbolic  equations  (monotonicity  and 
high  order  accuracy  are  known  to  be  difficult  to  reconcile),  and  E.  Aristova  (Keldysh 
Institute)  presented  bi-compact  schemes  for  the  advection  equation.  L.  Dovgilovich 
(Schlumberger,  Moscow)  introduced  a  high  order  accurate  summation  by  parts 
method  for  mixed  derivatives  not  subject  to  instabilities  due  to  odd-even 
decoupling.  A.  Kurganov  (Tulane  U.)  presented  central  non-oscillatory  Godunov- 
type  schemes  for  general  hyperbolic  systems  of  conservation  laws.  S.  Tsynkov 
(NCSU)  spoke  about  a  high  order  accurate  version  of  the  method  of  difference 
potentials  (originally  introduced  by  V.  Ryaben'kii)  for  solving  the  time  harmonic 
wave  propagation  problems. 

The  very  first  presentation  at  the  meeting  was  given  by  V.  Ryaben’kii  himself 
(Keldysh  Institute);  he  spoke  about  solving  linear  inverse  problems  (e.g.,  active 
control  of  sound)  in  composite  domains  using  the  method  of  difference  potentials. 
Yet  another  presentation  related  to  the  method  of  difference  potentials  was  given  by 
Y.  Epshteyn  (U.  Utah)  who  employed  it  to  build  a  family  of  domain  decomposition 
algorithms  for  parabolic  problems. 

T.  Hagstrom  (Southern  Methodist  U.)  discussed  high  order  accurate  finite  difference 
methods  for  unsteady  waves  and  also  spoke  about  the  design  of  appropriate  high 
order  accurate  boundary  conditions.  A  few  other  talks  were  devoted  specifically  to 
the  boundary  conditions,  in  particular,  the  treatment  of  artificial  outer  boundaries, 
which  has  been  among  the  most  difficult  issues  in  numerical  PDEs  for  many  years.  I. 
Sofronov  (Schlumberger,  Moscow)  spoke  about  the  localization  of  exact  transparent 
boundary  conditions  for  second  order  hyperbolic  systems,  and  N.  Zaitsev  (Keldysh 
Institute)  presented  a  similar  approach  for  the  equations  of  elastodynamics  in  a  3D 
isotropic  medium.  L.  Dorodnicyn  (Moscow  State  U.)  discussed  the  construction  and 
studied  stability  of  non-reflecting  artificial  boundary  conditions  (ABCs)  for  high 
order  schemes  on  wide  stencils,  when  the  discrete  approximation  requires  more 
boundary  conditions  than  the  underlying  differential  problem.  N.  Zavyalova 
(Moscow  Institute  for  Physics  and  Technology)  presented  a  family  of  nonlocal  highly 
accurate  ABCs  for  the  Helmholtz  equation.  A.  Zlotnik  (Higher  School  of  Economics, 
Moscow)  presented  ABCs  for  the  Schrodinger  equation. 
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There  were  several  talks  on  recent  advances  in  multigrid  methods  that  remain  a  key 
tool  for  solving  the  systems  of  algebraic  equations  that  result  from  the 
discretizations  of  PDEs.  V.  Zhukov  (Keldysh  Institute)  presented  a  version  of  the 
multigrid  method  optimized  for  anisotropic  problems,  and  A.  Zadorin  (Institute  of 
Mathematics,  Siberian  Branch  of  RAS)  discussed  the  application  of  multigrid  to 
problems  with  boundary  layers.  S.  Martynenko  (Central  Institute  of  Aviation  Motor 
Development,  Moscow)  presented  a  universal  multigrid  strategy  for  a  broad 
spectrum  of  problems  ranging  from  the  Poisson  to  Navier-Stokes  equations. 

Another  key  topic  of  the  conference  was  mathematical  modeling  in  various  areas  of 
science  and  engineering.  This  topic,  in  fact,  is  closely  related  to  the  previous  one 
(computing  the  solutions  of  PDEs),  because  the  analysis  of  the  corresponding 
mathematical  models  was  conducted  by  both  analytical  and  numerical  methods. 

G.  Barenblatt  (RAS/UC  Berkeley)  presented  a  very  interesting  new  development  in 
the  theory  of  turbulent  shear  flows,  basically  saying  that  the  well-known  von 
Karman-Prandtl  logarithmic  velocity  profile  (independent  of  the  global  Reynolds 
number)  describes  the  flow  with  insufficient  accuracy  and  needs  to  be  replaced  by  a 
power  law  that  depends  on  the  local  Reynolds  number.  S.  Utyuzhnikov  (U. 
Manchester)  used  the  method  of  difference  potentials  for  computing  the  near-wall 
turbulence  on  composite  domains  with  no  overlaps.  D.  Kamenetskiy  (Boeing, 
Seattle)  presented  numerical  evidence  of  multiple  solutions  (i.e.,  that  of  non¬ 
uniqueness)  for  the  Reynolds-averaged  Navier-Stokes  equations  describing  high-lift 
aerodynamic  configurations. 

M.  Salas  (NASA  Langley)  studied  the  dispersion  of  traveling  waves  governed  by  the 
Korteweg-de  Vries  equation.  S.  Abarbanel  (Tel  Aviv  U.)  introduced  a  framework  for 
the  analysis  of  acoustic  waves  propagating  across  a  non-uniform  medium.  A. 
Chertock  (NCSU)  presented  the  results  of  a  numerical  study  of  compressible  fluid 
flows  in  domains  with  moving  boundaries.  T.  Elizarova  (Keldysh  Institute) 
introduced  a  special  regularized  form  (time-averaged  over  a  short  interval)  of  the 
shallow  water  equations  that  is  well  suited  for  complex  geometries  and  moving 
boundaries.  Another  (similar)  regularization  of  the  shallow  water  equations  was 
shown  by  Yu.  Sheretov  (Tver  State  University,  Russia).  T.  Kudryashova  (Keldysh 
Institute)  presented  a  mathematical  model  for  the  supersonic  flow  of  a  gas  mixture 
that  applies  to  the  case  where  the  fundamental  hypotheses  of  continuity  of  the 
medium  may  partially  break  down. 

A  variety  of  additional  subjects  has  been  discussed  as  well,  including  linear  solvers 
and  parallel  computations,  finite  difference  stability,  grid  generation,  finite  element 
methods,  numerical  solution  of  stochastic  differential  equations,  numerical  solution 
of  differential  equations  with  singularities,  mathematical  models  and  numerical 
simulations  for  fluids,  gas-solid  interactions,  plasmas,  radiation  diffusion  and 
transfer,  porous  media  and  filtration,  electromagnetic  propagation  in  complex 
media,  kinetic  equations  with  collisions,  and  others. 
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A  book  of  extended  abstracts  (up  to  two  pages  each)  was  published  right  before  the 
conference  (ISBN:  978-5-98354-010-1).  It  contains  abstracts  of  almost  all  of  the  oral 
and  poster  presentations,  about  sixty  altogether.  A  PDF  version  of  this  book  of 
abstracts  is  uploaded  with  the  current  report. 

In  addition,  a  special  issue  of  Applied  Numerical  Mathematics  (an  Elsevier  Journal) 
is  planned  that  will  contain  full  length  papers  based  on  some  of  the  presentations 
from  the  conference.  The  PI  of  the  project,  Prof.  S.  Tsynkov,  serves  as  Managing 
Guest  Editor  for  the  special  issue.  He  is  assisted  by  Dr.  Y.  Epshteyn  and  Dr.  I. 
Sofronov  in  the  capacity  of  Guest  Editors.  At  the  time  the  current  report  is  written 
(June  of  2014),  the  submission  of  papers  to  the  special  issue  has  already  been 
closed.  Out  of  the  25  submitted  manuscripts,  about  three  quarters  have  already 
been  properly  refereed  and  accepted  for  publication.  We  expect  that  the  special 
issue  will  be  finalized  before  the  Fall  of  2014,  and  may  actually  appear  in  print 
either  in  the  end  of  2014  or  in  the  beginning  of  2015. 
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BHKTOP  COJIOMOHOBHH  PHEEHbKHH 


20  MapTa  HcnojiHHJioct  90  JieT  Bbinaiomeiviycn  ynenoMy,  rnaBHOMy  naynnoMy 
coTpy^HHKy  HHCTHTyra  npHiaiapHOH  MaTCMaTHKH  hm.  M.B.  Kennbima  PAH, 
aoKTopy  cf) h3hko - m btc m ara  h  ecx  m  x  HayK,  npoc])eccopy,  aacay'/KemiOMy  nejrrejHO 
HayKH  Pocchhckoh  <Eenepau,HH  Bnicropy  CoJiOMOHOBHHy  PaSeHBKOMy.  Ero  HaynHbie 
ycnexH  npHoSpejin  MHpOByio  n3BecTHOCTB,  ho  i  OBopa  o  hhx,  mbi  Taioxe  o6)nanbi 
Bcerpa  noMHHTb  o  HenpocToii  cypbSe  cobctckhx  My>KHHH  1923  ropa  pOKnemra, 
HcnbiTaBHiHx  Ha  ce6e  BejiHKHe  h  oh h o b p e m e h ii o  TparnnecKHe  coobitmh  MHHyBHiero 
Bexa,  b  ycjiOBHax  KOTOpbix  po^Kpajiacb  HaynHaa  6norpa(J)Ha  Harnero  io6HJiapa.  EMy 
He  HOBejiocb  peajiH30BaTb  cboh  chocoOhocth  k  MaTeMaTHKe  cpa3y  nocne  OKOHnaHHa 
cpenHen  hikojim.  Bejnncaa  OTenecTBeHHaa  Boinia  H3MeHHJia  njiaHbi  SojibimiHCTBa 
ero  CBepCTHHKOB.  Oh  yrneji  Ha  Hee  noSpOBOJibpeM  h  3aKOHHHJi  BOHHy  c  SoeBbiMH 
HarpanaMH  BopHTeneM  TaHKa,  npHHecmero  no6epy  b  npary  9  Maa  1945  ropa. 
Tojibko  nocjie  ototo  MO>Kno  6bijio  BepnyrbCH  b  MocKBy  h  nponojimiTb  npepBaHHoe 
o6pa30BaHHe.  B  1949  ropy  Bhktop  Cojiomohobhh  3aKOHHHJi  MexMaT  MocxoBCKoro 
YHHBepCHTeTa  h  6biji  ocTaBJieH  b  acnHpaHType,  rpe  non  pyxoBopcTBOM  axapeMHica 
H.r.neTpOBCKoro  aaiiMMaaca  pa3pa6oTKOH  TeopHH  pa3HOCTHbix  aHajioroB 
HH(J)(J)epeHu,HajibHbix  ypaBHeHHH  b  HacTiibix  npoH3BopHbix.  Ero  nepBbie  rnarn  3pecb, 
HecMOTpa  Ha  to,  hto  ohh  He  eonpHKaeajiHCb  c  n p a kth h e ck h m h  pacHeTaiviM, 
OKa3ajiHCb  BecbMa  ycnemHbiMH  h  cocTaBHJiH  copep^Kamie  coBMecTHOH  c 
A.O.OHJIHnnOBbIM  MOHOrpa(J)HH  «06  yCTOHHHBOCTH  pa3HOCTHbIX  ypaBHeHHH)), 

onySjiHKOBaHHOH  b  1956  ropy  Bcxope  nocjie  3amHTbi  KaHpHpaTCKOH  pnc  c epTapHH . 
3to  6biJia  nepBaa  b  MHpe  MOHorpacjDHa  b  paHHoii  oSnacTH. 

no  OKOHnaHHH  acnHpaHTypbi  B.C.  PaOeHbKHH  paOoTaji  popeHTOM 
MocxoBCKoro  3aoHHoro  neparorHHecicoro  HHCTHTyra,  a  b  1957  ropy  6biji 
npHniameH  b  OTpenenne  npmcpapHOH  MaTeMaTHKH  -  Hbrne  HnM  h m .M.B. Keapbi  wa 
PAH.  3pecb  b  HHTeHCHBHbix  3aKpbiTbix  paOoTax  no  pacneTaM  3apan  ra30B0H 
HHHaMHKH  c  TemonpoBonnocTbio  pa3HOCTHbiMH  MeTopaMH  HaKonHJica  ycneniHbiH 
onbiT  npaKTHHecKOH  paSoTbi.  B.C.  PaoeiibKOiviy  BMecTe  c  C.K.  ToHynoBbiM  6biJio 
nopyneHO  TeopeTHnecKH  o6o6iphtb  h  onySjiHKOBaTb  otot  onbiT,  hto  h  Obuio 
cpejiaHO  b  BHpe  coBMecTHOH  MOHorpacjDHH  «BBepeHHe  b  Teopmo  pa3HOCTHbix  cxeM)) 
(1962),  KOTOpaa  3aTeM  nepepaSoTaHa  b  yneSHoe  nocoSne,  Bbimepmee  pByMfl 
H3naHHaMH  b  1973  h  1978  rr. 

B  nocnepyioipHe  ropbi  B.C.  PaoeiibKHH  -  Tenepb  y>xe  npH3HaHHbiH 
enepnajiHCT  b  oSnacTH  pa3HOCTHbix  ypaBHeHHH,  co3paji  TeopHK)  pa3HOCTHbix 
noTeHpHajiOB,  onyoaMKOBannyio  b  MHoroHHCJieHHbix  CTaTbax  h  o6o6ipeHHyio  b  Tpex 
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H3flamMx  oflHOHMeHHOH  MOHorpa(j)HH  (1987,  2002,  2010  rr.),  y^ocToeHHOH  npeMHH 
hm.  H.r.  IleTpOBCKoro  b  2007  roay.  B  ee  ocHOBy  noaoaceH  aHaaor  HHTerpaabHbix 
(j)opMyji  THna  Kohih  ana  anauHTHHecKHx  (J)yHKu,HH  b  npHMeHeHHH  k  ancKpeTiibiM 
c[)yHKu,HaM  Ha  pacneTHbix  cencax.  3Ta  Teopna  iiaxoanT  3c})cJ)eKTHBiibie  npHnonceHHa  b 
HHCJieHHOM  pemeHHH  sanaa  iviaTe MaTH h ec ko h  c|)H3hkh  b  oecKonemibix  oSnacTax:  OHa 
no3BOJiaeT  orpaHHHHTbca  oSnacTbio  Koneniibix  pa3MepOB  c  HCKyccTBeHHbiMH 
rpaHHHHbiMH  ycaoBHaMH,  nepeHeceHHbiMH  H3  OecKoneHiiocTH.  B  nocneaHee  BpeMa 
Bbinoanena  cepna  pa6oT  no  pemeHHio  aKTyaabHbix  3aaaLi  aicycTHKH  06  ycMnennH 
hjih,  HaoSopOT,  raymeHHH  3ByKOB  b  CHCTeMe  H3  aByx  coceaHHx  noMememm: 
ynpaBJieHne  3thmh  npopeccaMH  ocymecTBnaeTca  c  noMombio  pa3HOCTHbix 
noTeHu,HajiOB,  cocpeaoTOwemibix  Baonb  rpaHHpbi  Mencay  hhmh. 

B  TeweiiHe  aecaTHneTHH  B.C.  PaoeiibKHM  Ben  nocToannyio  nenarornHecKyio 
paooTy  npo(j)eccopa  Kac})eapBi  b  bih  m cn MTen  b  n  o  11  MaTeMaTHKH  MOTH.  3aecb  hm 
C03^aHbi  h  npOHHTaHbi  xypcbi  aeKu,HH,  Ha  hx  ochobc  HanncaHO  yaeOHoe  nocoOne 
«BBeaeiiHe  b  BbiHHcaHTeabiiyio  MaTeMaTHKy»,  BBimeaniee  TpeMa  H3naiiHaMH  b  1994, 
2000  h  2008  roaax.  Ero  MnoroHHcaemibie  ynennKM  -  KananaaTbi  h  aoKTopa  nayK 
ycneniHO  npoaonncaiOT  pa3BHBaTb  TeMaTHKy  CBoero  yaHTeaa  b  Harnen  CTpaHe  h  3a 
pyOeacoM. 

Cboh  coaHaHbiii  loOHaen  Bhktop  CoaoMOHOBHH  npa3AHyeT  «6e3  OTpbiBa  ot 
npOH3BoacTBa»,  yBneweinio  paOoTaa  b  roOpaHHoil  hm  oSaacra  HayKH.  noaceaaeM 
eMy  aoOporo  3aopOBba,  ycnexoB  h  paaocTeil. 
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KJIH3HEBA3I  HIKDOPMAIJHfl  YIIPABJIEHHfl  PEIHEHH5IMH 
1HH1HHMX  PA3HOCTHBIX  CXEM  B  COCTABHBIX  OBJIACTHX 

B.C.  PH6eHbKHH 

Hncmumyrn  npuKjiadnou  MameMamuKu  um.  M.B.  Kenduiua  PAH 

ryab  @  keldysh.  ru 

OnpeaeneHO  noHjrrae  KmoneBon  mnftopMaimn  o  pa3H0CTH0H  cxeMe  n  peim 
ynpaBJieiiHa  ee  pemeHneM.  nojiyHena  cjiopMyjia  BbiHHcaeiiHa  no  3toh  nn(J)opivianHH 
ynpaBinuomcro  B03aencTBna,  Bamumaiomero  pemeHne  b  saaamiOH  nonodjiacTH  ot 
BjinaHna  npaBbix  nacTen,  aoKajiH30Bamibix  b  flonojiHHTejibHon  noaodnacTH. 

The  concept  of  key  information  on  difference  scheme  and  goals  to  how  control  its 
solution  are  defined.  A  formula  of  calculation  of  control  action  by  this  information  is 
obtained.  The  control  influence  is  protected  the  solution  in  a  given  subregion  from  the 
influence  of  right-hand  sides  which  are  localized  in  the  additional  subdomain. 

PaccMOTpHM  pa3HOCTHyio  cxeMy 

Zau„  =  f,  meM,  (1) 

mn  n  J  m  ’  ’  v  / 

ueN 

m 

M  -  3aflaHHoe  KOHemioe  mhokcctbo  Toneic  m ,  meM;  Nm  -  3aflamioe 
MHO>KecTBO  ToneK  n ,  n  £  Nm ;  amn ,  meM ,  n  e  Nm  -  3aflaHHbie  K03(J)(J)Hu,HeHTbi; 
fm,  m&M  -  3aflaHHbie  npaBbie  nacra.  PemeHne  uN  ={un]  3aflanH  (1)  onpe^eneHO 
Ha  MHO>KecTBe  N  -  ,  meM .  OyHKu,HH  fM  =  {fm},  m<=M ,  h  un  =  {un } ,  neN, 

Moryr  6bitb  BeKTOp-cf)yHKu,HaMH,  K03c|)tJ)HHnenTbi  amn  Moryr  6bitb  npaMoyrojibHbiMH 
MaTpHU,aMH. 

ITpocTpaHCTBO  Bcex  npaBbix  nacTeii  fM  o6o3HamiM  FM ,  a  Bcex  cjiymcitHH  uN , 
flna  KOTOpbix  HMeeT  cmbicji  aeBaa  nacTb  (1),  o6o3HanHM  UN.  npeflnojioacHM 
BbinojiHeHbiM  ycnoBHe  cornacoBaHHa  Me>Kay  M  ;  N m ,  m  e  M  amn ,  m  e  Nm ; 
/mgFm  h  un  g  U n  .  3to  ycnoBHe  coctoht  b  tom,  hto  cxeMa  (1)  HMeeT  o^ho  h 
tojibko  OflHO  pemeHne  uN  e  UN  npn  jho6oh  npaBOH  nacTH  fM  e  FM  . 

IlycTb  M+  -  KaKoe-HnSy^b  no^MHoacecTBO  M+ czM  MHoacecTBa  M. 
Onpe^ejiKM  M~ ,  N+ ,  N~  h  ceTOHHyio  rpamniy  y  Meayty  N+  h  N~ ,  nonoacHB 
M  =  M  \M+;  N+=uNm,  mgM  +  ;  N~  =vNm,  m&M  ;  y  =  ATp|AT. 
06o3HanHM  Uy  npocTpaHCTBO  Bcex  (J)yHKu,HH  u  ,  nojiyneHHbix  cyacemieM  Ha  y , 
y  C  A  BCeB03M0>KHbIX  (fiyHKTTHH  UN  £  U N  . 

Hapa^y  c  (1)  paccMOTpHM  cne^yiomHe  ^Be  cxeMbi 

Z  amnUn  =  6M  iM  +  )fm >  Wl  €.  M ,  (2) 

HEN 

m 

X  (M~)X  rn  e  M,  (3) 

yieN 

m 
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rpe  0Y(X) ,  X  c:  Y  -  xapaKTepncTnnecKan  ({whkiihh  MHoncecTBa  X.  OneBnaHO 
paBeHCTBO 

Un=Un+Un  >  «  G  ^  (4) 

IlycTB  pa3HOCTHaa  cxeMa  (1)  ecTB  pa3HOCTHan  annpOKCHMapnn  HexoTOpon 
jiHHeiiHOH  3aaann  o  3ByxoBOM  none,  npnneivi  fm  -  MoaennpyeT  iijiothoctb 
hctohhhxob,  a  uN  MoaennpyeT  axycTnnecxoe  none. 

,Z],nn  KpaTKOCTH  pewH  coxpaHHM  TepMHHti  "aKycTHHecKoe  none",  "iijiothoctb 
hctohiihkob"  h  fljia  aScTpaxTHBix  cxeM  (l)-(3).  CnaraeMBie  uN  h  uN  b  cyMMe  (4) 

npHOOpeTaiOT  CMBICJI  BKJia^OB  BJHOHHM  HCTOHIIHKOB  fm,  in  G  Af  '  ,  H  HCTOHIIHKOB  fm, 

m  &M  ,  b  axycTnnecxoe  none  uN ,  uN  =  uN  +  u+N . 

IlycTB  zN,  zN  e  UN ,  n p  OH3  bohbh  an  c})HKCHpoBannaa  (J)yiiKHHH  H3  Un  .  IlycTB 
gM ,  gM  e  Fm  ,  n  zw  CBH3aHBi  Tax,  hto  zw  nBnneTcn  pemeHneM  3aaann 

+  meM  (5> 

neN 

m 

Onpeaenemie  1.  EyaeM  tobophtb,  hto  gm  ecTB  ynpaBJiemie  peinemieM  uN 
3aaann  (1),  nepeBoanipee  uN  b  3aaaHHyio  cjDyHxpnio  zN .  OyHxpnio  zN  6yaeM 
Ha3BiBaTB  ueneBOH  cJjyiiKHHen  ana  ynpaBnenna  gM . 

TeopeMa  1.  IIpH  mo6on  peneBoii  (J)yHxpnn  zN ,  zN  e  U  N ,  cyipecTByeT  opho  h 
tojibko  opho  ynpaBJieHne  gM,  KOTOpoe  nepeBopuT  uN  b  zn  .  3to  ynpaBneHne 
M05XH0  3anHCaTB  cjDOpMyjIOH 

Sm=YjamnZn-fm >  m  G  M  (6) 

n&N 

m 


BBepeM  ceMencTBO  (jDyHxpnn  zN  -  zN(A~ ,A+),  3aBncnipee 
BeipecTBeHHBix  napaMeTpOB  A  n  A+ ,  n  3apaHHBix  cj)opMyjion 

Au~+u+,  ecjiun<=N 

n  yi  7 


zXA-,A+)  = 


wn  +  A+ul ,  ecnM  n  <eN+  \y 


ot  aByx 


(7) 


OneBHaHO 


z^v(l?l)  —  nN  +  nN  —  uN.  (8) 

ITpH  nepexope  ot  un  k  zn(A ~,A+)  Bxnapxi  hctohhhxob  fm,  ji0KajiH30BaHHBix 
b  Tonxax  m  e  M  h  m  <eM  ,  b  axycTnnecxoe  none,  b  cnny  (7)  yMHoncaeTcn  b  TOHKax 
neX  n  n<zN+\y  Ha  A  n  A+  cooTBeTCTBemio.  B  nacTHOCTH,  ecnn  A  =  0,  to 
npoHCxoHHT  iionnaa  3anpxra  axycTnnecxoro  nona  b  TOHKax  n  e  N  ot  BnnnHnn 

HCTOHHHXOB  fm ,  m  G  M  '  .  ECPH  BXnap  BnHHIIHa  HCTOHIIHKOB  fm ,  m<EM+  B 
axycTnnecxoe  none  zn  b  Tonxax  n  e  N  TpaxTOBaTB  xax  HencenaTenBHBin  inyM,  to 
nepexoa  ot  un  k  za,(0,A+)  03HanaeT  nonHyio  3ain,HTy  aKycTnnecKoro  nonn  b  Tonxax 
n  e  N~  ot  inyMa  hctohhhkob  fm ,  m  e  M  + . 
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OnpejeiteHHe  2.  KraoneBon  HH(f)opMan,HeH  a jm  ynpaBjieHHJi  gm  =  gm(A  ,A+) 
nepexo^OM  ot  k  zn(A~,A+)  Ha30BeM  (J)yHKu,HK)  wr  =  wr(A  ,A+),  CBM3aHHyK)  c 
U~  H  paBeHCTBOM 

w7(A“,A+)  =  (A-  -\)u;  +  (1-  A>;  (9) 

3aMenanHe.  no^nepKneM,  hto  ^jm  3HaHna  w^(A  ,A+)  ^ocTaTOHHO  iiomhmo 
caMoii  (J)yHKu,HH  wn(A  ,A+)  b  TOHKax  ney  erne  3HaTB,  hto  cymecTByeT  cbjob  (9) 
(J)yHKU,HH  Wy(A  ,A  +  )  C  (})yiIKUHHMH  U~  H  Uy  ,  HO  CBMH  (j)yHKU,HH  H  W  +  MOryT 
OCTaBaTBCM  HeH3BeCTHBIMH. 

Tax,  HanpHMep,  ecjiH  A ~  =  0,  A+  =  2,  to  ecTB  ecjiH 

,  u+,  eaiuriGN 

zw(A~,A+)  = 

un  +  2 un ,  ec/zn  n  eN+  \y 

to  KJHoneBaa  HHcfzopMaipni 

Wy  =  (0, 2)  =  (0  -  l)u~  +  (1  -  2)uy+  =  -uy 

coBna^aeT  c  (- u  )  He3aBHCHMO  ot  Bn^a  (j)yHKu,HH  uynuy. 

TeopeMa  2.  YnpaBJieHHe  gM  =  gM(A~  ,A+),  nepeBO,zpnii,ee  b  pejieByio 
(f>yHKu,HK)  zw(A  ,A+),  3aAaeTca  cjzopMyjion 

|  0,  earn  m  e  M 

8,„(a  ’A  )  =  j  yYjamn{0N{y)wn\,  earn  m  eM+,  (10) 


r^e  wn,  n<=y,  ecTB  3HaneHHa  KjnoneBon  HH(|)opMan,HH  w  (A  ,A+)  b  to  nice  n&y  h 


w;7  ( A“ ,  A+ ),  ec/zw  «  e  / 

0,  n<£y. 

CpaBHHM  (J)OpMyjIBI  (6)  H  (10)  flJM  BLIHHCaeilHH  gM(A\A 1  ) .  BblHHCJieHHe 
gM(A~ ,A+)  no  TpHBHajibHOH  (J)opMyjie  (6)  TpeOyeT  3Ham«i  nojiHon  HH(f)opMan,HH  o 
pa3HOCTHBix  cxeMax  (1),  (2),  (3):  ny>Kno  3HaTB  M  ;  Nm ;  am#!,  m  e  M ,  n^Nm;  fm, 
m  eM ,  a  Taioxe  3HaneHHfl  z„(A“,  A+)  peneBon  (J)yHKu,HH  zN(A~ ,  A+) . 

BbiHHCJieHHe  toto  >xe  ynpaBJiemni  gM(A  ,A+)  no  cjDOpMyne  (10)  TpeSyeT 
3HaHHa  TOJIbKO  KHIOHCBOM  HH(f)OpMan,HH  Wr(A“,A+),  a  TaK'/KC  (2mn ,  PJM  KOTOpBIX 
meM+  n  weA(;iP|y.  Ilpn  3tom  Bee  Tpn  (f)yHKn,nn  zw(A  ,A+),  zz“,  zz+  h  pa>Ke 

oSnacTB  /V  nx  oripeaeaeiiHH  ocTaioTca  Hen3BecTHBiMH. 

TaxHM  o6pa30M,  TeopeMa  2  ocymecTBjraeT  pepyicpmo  npooaeMbi  iiocTpoeiiHH 
ynpaBJieHH^  gM(A  ,A+)  k  npoSneMe  nonyneHna  KjnoneBon  HHcfzopMapnn 
=  wy(A~,A+) 


0N(r)Wn  = 
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3aMeTHM,  hto  TeopeMa  2  onnpaeTca  Ha  CBoncTBa  pa3HOCTHBix  noTeHitnaiiOB 
[1],  TeopeMa  2  aBJiaeTca  hihpokhm  o6o6memieM  pe3yjiBTaTa  [2], 

CnucoK  jiumepamypbi 

1.  B.C.PndenbKuu.  MeTOfl  pa3HOCTHBix  noTemtnajiOB  h  ero  npnjimKemni,  M., 
C>H3MaTJIHT,  2010. 

2.  B.C.PndenbKuu.  OyiiKUHonaabiibiH  aHanH3  h  ero  npnjimKeHHJi,  M.,  Hayica,  29(1), 

70-71,  1995. 


WAVE  PROPAGATION  INADVECTED  ACOUSTICS  WITHIN  A 
NON-UNIFORM  MEDIUM  UNDER  THE  EFFECT  OF  GRAVITY 

S.  Abarbanel1,  A.  Ditkowski 2 

1  Tel-Aviv  University,  Tel-Aviv,  Israel, 
saula  @  post,  tau.ac.  il 
Tel-Aviv  University,  Tel-Aviv,  Israel, 
adid@post.tau.ac.il 

We  investigate  linear  wave  propagation  in  non-uniform  medium  under  the  influence 
of  gravity.  Unlike  the  case  of  constant  properties  medium  here  the  linearized  Euler 
equations  do  not  admit  a  plane  -wave  solution.  Instead,  we  find  a  “pseudo-plane-wave”. 
Also,  there  is  no  dispersion  relation  in  the  usual  sense.  We  derive  explicit  analytic  solutions 
(both  for  acoustic  and  vorticity  waves)  which,  in  turn,  provide  some  insights  into  wave 
propagation  in  the  non-uniform  case. 

Understanding  the  phenomenon  of  wave  propagation  is  of  great  interest  in 
several  fields  of  scientific  and  technological  importance;  e.g.  electromagnetics, 
elasticity,  geophysics,  fluid  flow,  acoustics  and  advected  Acoustics.  Rarely  can  one 
obtain  analytic  solutions  to  such  problems  and  then  we  resort  to  computations. 

Good  computational  approaches  try  to  be  guided  as  much  as  possible  by 
analytic  knowledge  of  the  nature  of  The  phenomenon.  Thus,  foe  example,  numerical 
solutions  of  the  Navier-Stokes  equations  rely  on  insights  gained  from  boundary  layer 
theory. 

We  focus  our  attention  on  the  field  of  advected  acoustics  in  subsonic  flows. 
Much  is  known  in  the  case  of  Uniform  main  flow  in  a  constant  density  (pressure) 
medium.  Hu  has  done  a  case  of  non-uniform  main-flow  (in  a  uniform  medium)  by 
examining  the  relations  between  the  group  and  phase  velocities.  To  our  knowledge, 
the  case  of  non  -uniform  density,  in  particular  that  caused  by  gravity  ,  has  not  been 
worked  out  in  detail. 

We  start  by  deriving  the  dimensionless  linearized  Euler  equations  appropriate 
foe  our  problem.  We  then  inquire  whether  the  derived  equations  support  a  “classical” 
plane-wave  solution.  The  answer  is  negative. 
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Instead  of  ending  up  with  a  homogeneous  linear  algebraic  equation  (whose 
solvability  condition  yields  a  dispersion  relation)  we  get  a  system  of  linear  ordinary 
differential  equations  with  variable  coefficients.  We  solve  this  set  of  o.d.e.’s  to 
obtain  the  non-constant  entries  in  the  coefficient-vector  of  the  “pseudo-plane-wave” 
solution. 

This  form  of  the  analytic  solution  provides  some  insights  into  the  nature  of  the 
phenomenon.  Thus,  for  example,  the  ratio  of  the  amplitudes  of  the  components  of  the 
coefficient-vector  to  each  other  do  not  remain  fixed  but  vary  as  the  square  root  of  the 
local  density. 

Numerical  computations  verify  the  effects  we  studied. 


THE  SIMPLEST  TURBULENT  FLOW:  SHEAR  FLOW  AT  VERY  LARGE 

REYNOLDS  NUMBERS. 

A  SURVEY  OF  THE  TOTAL  OF  STUDIES 

G.I.  Barenblatt,  A.J.  Chorin,  V.M.  Prostokishin 

Institute  of  Oceanology  RAS  -  Moscow,  Russia, 

Deparment  of  Mathematics,  University  of  California,  Berkeley 

Turbulence  is  one  of  the  basic  chalenges  of  modern  engineering  science  and 
applied  mathematics.  The  most  advanced  branches  of  turbulence  studies  are  the 
investigations  of  the  local  structure  of  turbulent  flows  at  very  large  Reynolds 
numbers  started  by  A.N.Kolmogorov  and  A.M. Obukhov,  and  those  of  the  structure  of 
turbulent  shear  flows  at  very  large  Reynolds  numbers  started  by  Th.  von  Karman  and 
L.Prandtl.  The  studies  of  shear  flows  in  pipes  and  boundary  layers  of  the  wall 
bounded  flows  are  of  central  interest  in  the  last  branch  of  turbulence  studies. 

Practically  in  all  courses,  monographs  and  text-books  the  structure  of  the  field 
of  averaged  velocities  in  the  intermediate  region  between  the  viscous  sublayer  and 
the  vicinity  of  the  pipe  axis  is  described  by  the  universal  (Reynolds  number 
independent)  von  Karman-Prandtl  logarithmic  law.  The  drag  law  is  described  by  an 
implicit  Prandtl  formula  which  was  derived  on  the  basic  of  the  logarithmic  law. 

All  these  results  are  based  on  a  hypothesis,  explicitly  formulated  by  von 
Karman,  that  the  flow  in  the  intermediate  region  does  not  depend  on  the  fluid 
viscosity  (which  means  the  complete  similarity  in  the  dimensionless  parameters 
containing  the  fluid  viscosity). 

In  the  present  lecture,  summarizing  the  long  time  cycle  of  investigations 
performed  by  authors  it  is  shown  that  the  von  Karman  hypothesis  does  not 
correspond  to  reality.  An  alternative  hypothesis  is  proposed  according  to  which  there 
is  no  similarity  in  the  global  Reynolds  number,  and  these  is  an  “incomplete 
similarity”  in  the  local  Reynolds  number  -  a  similitude  parameter  equal  to  the  ratio  of 
the  distance  to  the  wall  to  the  “viscous  length  scale”. 

The  analysis  performed  led  to  a  new  power  law  for  the  velocity  distribution 
and  following  from  it  an  explicit  formula  for  the  drag  coefficient. 
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The  results  were  compared  with  all  published  experimental  data  and  an 
instructive  confirmation  was  found.  An  analogous  investigation  with  the  same 
conclusions  was  performed  for  boundary  layer  flows  and  wall-jets. 

The  authors  came  to  the  conclusion  that  the  von  Karman-Prandtl  law  is  not 
correct.  It  should  be  excluded  from  the  teaching  process  and  replaced  by  proposed 
and  experimentally  approved  power  law. 


EFFICIENT  TIME-STEPPING-FREE  TIME  INTEGRATION 
OF  THE  MAXWELL  EQUATIONS 

M.A.  Botchev1 

1  Department  of  Applied  Mathematics,  University  ofTwente, 

Enschede,  the  Netherlands, 
m.  a.  botchev  @  utwente.  nl 

Solution  of  the  time  dependent  Maxwell  equations  is  an  important  problem 
arising  in  many  applications  ranging  from  nanophotonics  to  geoscience  and 
astronomy.  The  problem  is  far  from  trivial,  and  solutions  typically  exhibit 
complicated  wave  properties  as  well  as  damping  behavior.  Usually,  special  staggered 
time  stepping  schemes  are  used  [1].  Although  their  time  step  may  be  severely 
restricted  by  the  CFL  condition,  performance  of  these  schemes  is  hard  to  beat  by 
modern  implicit  or  exponential  time  integration  schemes  [2].  We  show  that  in  some 
cases  so-called  time-stepping-free  schemes  provide  a  very  efficient  alternative  to  the 
standard  schemes.  These  schemes  employ  the  matrix  exponential  function  and  can  be 
implemented  by  special  block  Krylov  subspace  techniques  [3,4]. 

Numerical  examples  demonstrating  the  efficiency  of  the  proposed  approach  are 
presented,  coming  from  the  fields  of  nanophotonics  and  geoscience. 

References: 

1.  M.A.  Botchev,  J.GVerwer,  Numerical  integration  of  damped  Maxwell  equations 
//  SIAM  J.  Sci.  Comput.  2009,  vol.  31(2),  pp.  1322-1346  . 

2.  J.GVerwer,,  M.A.  Botchev,  Unconditionally  stable  integration  of  Maxwell's 
equations  //  Linear  Algebra  and  its  Applications,  2009,  vol.  431,  Issues  3-4,  pp. 
300-317. 

3.  M.A.  Botchev,  V.  Grimm,  M.  Hochbruck,  Residual,  restarting  and  Richardson 
iteration  for  the  matrix  exponential.  //  To  appear  in  SIAM  J.  Sci.  Comput., 
accepted  in  February  2013. 

4.  M.A.  Botchev,  A  block  Krylov  subspace  time-exact  solution  method  for  linear 
ODE  systems.  To  appear  in  Numer.  Lin.  Algebra  Appl.,  accepted  in  December 
2012. 
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A  SIMPLE  EULERIAN  FINITE-VOLUME  METHOD  FOR  COMPRESSIBLE 
FLUIDS  IN  DOMAINS  WITH  MOVING  BOUNDARIES 

A.  Chertock1 

1 North  Carolina  State  University,  Raleigh,  NC,  USA, 
chertock@math.ncsu.edu 

We  introduce  a  new  simple  Eulerian  method  for  treatment  of  moving  boundaries  in 
compressible  fluid  computations.  Our  approach  is  based  on  the  extension  of  the  interface 
tracking  method  we  have  recently  introduced  in  the  context  of  multifluids  and  may  be  used 
in  conjunction  with  one’s  favorite  finite- volume  method.  The  robustness  of  the  new 
approach  is  illustrated  on  a  number  of  1-D-  and  2-D  examples. 

In  this  talk,  I  will  present  a  finite-volume  method  for  computing  compressible 
fluids  in  the  domains  with  moving  boundaries.  Our  approach  is  based  on  the 
extension  of  the  interface  tracking  method  we  recently  introduced  in  the  context  of 
multifluids.  To  this  end,  we  consider  a  model  governed  by  the  compressible  Euler 
equations  and  place  the  fluid  domain  into  the  computational  domain  of  a  fixed  size, 
which  is  divided  into  Cartesian  cells.  At  every  time  moment,  each  cell  is  marked  as 
either  internal,  external,  or  boundary  one.  The  internal  cells  are  fully  occupied  by  the 
gas;  the  external  cells  are  located  outside  of  the  fluid  domain  and  play  the  role  of  the 
so-called  ghost  cells,  while  the  boundary  cells  form  a  thin  layer  between  the  internal 
and  external  ones.  The  boundary  cells  have  to  be  introduced  since  in  the  case  of 
moving  boundaries,  the  fluid  domain  boundary  cannot,  in  general,  be  forced  to 
coincide  with  the  cell  edges.  As  a  result,  the  boundary  cells  are  only  partially  filled 
with  the  gas,  which  is  very  inconvenient  since  within  the  finite-volume  computational 
framework  numerical  solutions  are  represented  in  terms  of  the  cell  averages.  One  of 
the  possible  ways  to  treat  the  boundary  cells  is  to  split  each  of  them  into  two  smaller 
cells:  the  internal  and  the  external  ones.  However,  this  would  significantly  increase 
the  complexity  of  the  entire  solution  algorithm  and  may  lead  to  very  small  time  steps. 
We  prefer  an  alternative,  simpler  approach,  in  which  the  averages  are  computed  over 
the  internal  cells  only  and  the  data  contained  in  the  boundary  cells  are  not  used  for 
the  computation  of  numerical  fluxes.  Namely,  we  only  approximate  the  point  values 
at  the  edges  of  these  cells,  required  in  the  numerical  flux  computations.  These  point 
values  are  obtained  using  the  solid  wall  extrapolation  followed  by  the  interpolation  in 
the  phase  space  (by  solving  the  Riemann  problem  between  the  internal  cell  averages 
and  the  extrapolated  ones).  The  numerical  solution  is  then  evolved  in  time  in  internal 
cells  only. 

The  proposed  computational  framework  is  general  and  may  be  used  in 
conjunction  with  one's  favorite  finite-volume  method.  In  this  talk,  I  will  discuss  the 
semi-discrete  second-order  central-upwind  scheme.  This  Godunov-type  scheme 
enjoys  all  major  advantages  of  Riemann-problem-solver-free,  non-oscillatory  central 
schemes  and,  at  the  same  time,  have  a  certain  "built-in"  upwind  nature.  The 
robustness  and  accuracy  of  the  new  approach  will  be  illustrated  on  a  number  of  one- 
and  two-dimensional  numerical  examples. 
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BOUNDARY  CONDITIONS  FOR  HIGH-RESOLUTION  SIMULATIONS 

OF  WAVES 

T.  Hagstrom1 

1 Southern  Methodist  University,  Dallas,  TX  USA, 
t  hags  from  @  smu.  edu 

We  discuss  various  problems  related  to  the  use  of  high-resolution  difference  methods 
to  simulate  wave  propagation  in  the  time  domain.  These  include  the  construction  of  stable 
boundary  closures  and  convergent  sequences  of  radiation  boundary  conditions. 

Wave  propagation  problems  of  interest  in  science  and  technology  are  typically 
posed  on  complex  and  unbounded  spatial  domains.  In  free  space  it  is  well-understood 
that  high-resolution  discretizations  on  structured  grids  are  remarkably  efficient, 
allowing  accurate  long-range  propagation  with  minimal  degrees-of-freedom  per 
wavelength  and  minimal  flops  per  degree-of-freedom  to  evaluate  the  approximate 
derivatives.  The  challenges  in  applying  such  efficient  methods  for  realistic  problems 
are  all  associated  with  boundaries:  physical  boundaries  where  difference  stencils 
must  be  modified  (e.g.  become  one-sided  at  the  edge  of  a  grid  line)  and  artificial 
boundaries  where  approximate  radiation  conditions  must  be  imposed.  In  this  talk  we 
will  discuss  our  ongoing  work  to  address  these  problems. 

For  one-sided  differencing  we  have  introduced  a  concept  of  grid-stabilization, 
which  involves  the  addition  of  one  or  two  sub  grid  nodes  near  grid  boundaries  [1,2]. 
The  method  works  well  for  closing  difference  formulas  of  orders  up  to  12.  Its 
analysis  using  Laplace  transforms  is  of  some  interest;  for  second  order  systems  we 
generally  detect  oscillatory  modes  of  boundary  layer  type  which  we  conjecture  are 
not  dangerous  from  the  point  of  view  of  stability.  (See  also  [3].)  To  treat  complex 
geometry  we  have  implemented  these  methods  on  overlapping,  mapped  structured 
grids,  though  a  complete  analysis  of  stability  with  overlapping  grids  is  not  yet 
available.  We  will  also  discuss  our  efforts  to  derive  grid-stabilized  formulas 
satisfying  summation-by-parts  conditions  (e.g.  [4])  and  to  construct  stable  closures 
for  methods  based  on  Fourier  continuation  [5]  or  band-limited  interpolation  [6]. 

Most  methods  for  imposing  near-field  radiation  boundary  conditions  which  are 
in  current  use  suffer  from  one  or  more  severe  limitations.  Accurate  methods  can  be 
constructed  using  space-time  integral  representations  of  the  solution  and  its  normal 
derivative  at  the  artificial  boundary.  However,  the  efficient  implementation  of  these 
methods  requires  special  boundaries  (e.g.  spheres)  and  associated  complex  harmonic 
transforms  [7].  Simpler  local  methods  such  as  high-order  sequences  of  approximate 
radiation  conditions  [8]  or  perfectly  matched  absorbing  layers  [9]  can  lose  accuracy 
as  the  simulation  time  is  increased  [10,11].  We  have  identified  the  source  of  this  loss 
of  accuracy  as  the  poor  treatment  of  evanescent  modes.  This  has  led  to  the 
development  of  a  new  sequence  of  local  radiation  boundary  conditions,  which  we  call 
Complete  Radiation  Boundary  Conditions  (CRBC),  which  provide  uniform  accuracy 
over  arbitrary  time  intervals  [12,13].  Directly,  they  are  constructed  as  uniform 
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rational  interpolants  of  the  exact  radiation  condition  on  Laplace  inversion  contours  in 
the  right  half-plane.  We  will  present  the  construction  and  analysis  of  CRBCs  for 
simple  isotropic  wave  systems,  and  discuss  their  practical  application  on 
computational  domains  with  comers  and  edges  [14,15].  Lastly  we  will  consider  their 
generalization  to  more  complex  systems  such  as  the  elastic  wave  equation  [16].  Here 
we  prove  that  stable  formulations  are  always  possible,  even  for  anisotropic  models  of 
crystalline  materials.  The  open  question  is  to  determine  the  optimal  bounds  on  the 
complexity. 
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pa3JIHHHBIMH  MOfleJIJIMH  Typ6yJieHTHOCTH  ZIJI5I  a  3  p  O  a  H II  a  M  H  H  e  C  K  H  X  KOH(f)HrypaiI,HH  npn 
OonbiiiHX  yrnax  araKH. 

In  this  paper  we  present  evidence  for  the  existence  of  multiple  machine  zero- 
converged  numerical  solutions  of  Reynolds-averaged  Navier-Stokes  equations  (RANS) 
with  the  one-equation  Spalart-Allmaras  (SA)  and  two-equations  Wilcox  k-Omega 
turbulence  models  on  fixed  grids  in  3D  and  describe  how  they  were  obtained. 

The  results  in  this  paper  were  obtained  with  the  two  Boeing  research  solvers 
pilot3d  and  supgNd.  Both  have  many  features  in  common  but  were  developed 
independently  and  so  have  some  differences  in  the  discretization  and  solver 
implementations. 

Both  codes  use  purely  tetrahedral  grids  and  use  finite  element  SUPG(l)  (linear 
elements,  second  order)  discretization  [1]  of  the  fully  coupled  system  of  RANS+SA 
equation  in  3D.  Both  solvers  use  Newton's  method  in  combination  with  time  stepping 
to  the  steady  state  and  with  rather  sophisticated  heuristic  adjustment  of  the  local  time 
step  based  on  the  behavior  of  line  search  and  linear  solver.  To  eventually  achieve 
super-linear  convergence  to  a  zero  of  the  steady-state  residual  it  is  necessary  to  have 
the  exact  Jacobian  and  to  push  the  time  step  as  far  as  possible  towards  infinity.  The 
linear  solver  at  each  Newton  iteration  is  a  right-preconditioned  GMRES  method  with 
an  incomplete  LU  factorization  with  drop  tolerance  (ILUT)  on  each  subdomain  as  the 
preconditioner.  The  supgNd  solver  can  optionally  use  implicit  residual  smoothing 
(IRS)  mechanism  [2]  to  accelerate  convergence  to  the  steady-state. 

With  this  structure  of  the  linear  solver  the  codes  allow  efficient  parallel 
implementation  using  MPI.  Though  significantly  more  expensive  than  existing  finite- 
volume  production  solvers  if  measured  per  core,  both  Boeing  codes  have  shown  to  be 
very  efficiently  scalable.  More  details  on  the  discretization  and  solver  strategies  used 
in  GGNS  may  be  found  in  the  reference  [3]. 

The  baseline  test  case  used  in  this  work  is  trap  wing  (prototype)  high-lift 
configuration  which  was  used  as  a  baseline  for  the  AIAA  1st  High  Lift  Workshop  [4]. 

The  first  indications  of  the  multiple  machine-zero  converged  solutions  with 
GGNS  codes  were  obtained  when  the  pilots d  and  supgNd  solvers  generated  two  very 
different  solutions  at  28  degree  angle  of  attack  (AoA),  one  definitely  showing  the 
post-stall  amount  of  separation.  Cross-rerunning  the  two  codes  from  the  other  solver's 
solution  as  initial  guess  has  confirmed  that  there  exists  at  least  2  machine -zero 
converged  solutions  on  the  same  grid  for  each  solver  at  this  angle  of  attack. 

With  realization  that  the  choice  of  initial  guess  may  be  the  key  ingredient  for 
running  a  non-linear  solver  into  the  different  basin  of  attraction,  systematic  effort  was 
made  to  trace  dependence  of  the  steady-state  solutions  on  the  initial  guess.  With  the 
supgNd  solver  by  changing  the  way  the  viscous  wall  boundary  condition  was 
enforced  at  the  beginning  of  the  time-stepping  iterations  we  were  able  to  find  up  to  4 
distinct,  machine-zero  converged  solutions  on  the  coarse  Workshop  grid  (with  ~3.6 
million  grid  points). 

Independently  switching  the  implicit  residual  smoothing  mechanism  in  the 
supgNd  code  (initially  intended  to  accelerate  convergence)  led  to  the  discovery  of 
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four  more  solutions  on  the  coarse  grid  (the  runs  were  done  with  different  values  of 
the  IRS  weight),  the  overall  number  of  solutions  for  this  grid  at  AoA=28°  thus 
settling  at  8.  We  note  that  the  distinct  character  of  all  these  solutions  was  confirmed 
by  re-running  pilot  3d  from  each  of  them  as  an  initial  guess.  Example  of  two  different 
solutions  for  the  coarse  grid  obtained  with  the  SA  model  is  shown  on  figures  below. 

Applying  these  techniques  also  for  the  Workshop  medium  (~  1 1M  nodes)  and 
fine  (~  32M)  grids,  we  were  able  to  obtain  6  solutions  on  the  medium  grid  and  2 
solutions  (so  far)  on  the  fine  grid. 

The  different  solutions  on  the  same  grid  differ  mostly  by  the  amount  of 
smooth-body  flow  separation:  the  position  of  the  separation  line(s)  on  the  main 
element  and  flap  as  well  as  by  the  topological  structure  of  the  separation  pattern.  It  is 
remarkable  that  though  attempts  were  made  to  capture  more  solutions  by  changing 
the  free  parameters  in  the  initial  guess  settings  as  well  as  the  implicit  residual 
smoothing  mechanism  (the  overall  number  of  runs  for  the  coarse  grid  may  be 
estimated  at  about  100),  we  were  only  able  to  find  8  distinct  solutions  on  this  grid. 

With  similar  techniques,  for  the  trap  wing  case,  we  were  able  to  numerically 
find  complete  ‘multiple-solution  branches’  for  the  whole  sweep  of  high  angles  of 
attack  (from  24°  to  35°). 
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The  concept  of  ionization-induced  injection  into  the  laser  pulse  to  produce  quasi- 
monoenergetic  bunches  of  electrons  from  ultra-thin  solid  dense  targets  is  analyzed. 

A  concept  for  the  generation  of  relativistic  electron  bunches  with 
quasimonoenergetic  features  in  the  interaction  of  a  high  intensity  laser  pulse  with 
overdense  plasma  has  already  been  demonstrated  for  an  ultra-thin  foil  [1].  When  the 
laser  pulse  propagates  through  semi-transparent  foil  the  electrons  from  inner  atom 
shells  remain  bound  during  the  rise  time  of  the  laser  pulse  and  are  ionized  by  the  laser 
intensity  near  its  maximum  amplitude,  which  satisfies  the  best  injection  condition  for 
subsequent  acceleration.  The  2D3V  PIC  code  PICNIC  was  used  for  simulation  of  a 
linearly  polarized  laser  pulse  with  a  wavelength  k=1.053  pm  normally  incident  onto 
nano-sized  DLC  target.  We  performed  simulations  for  3  cases:  (1)  5  nm  carbon  foil 
ionized  due  to  field  ionization  (FI);  (2)  the  same,  but  already  ionized  foil,  i.e.  the  foil 
in  the  form  of  a  plasma  slab  with  average  charge  <Z>=3.4;  (3)  42  nm  carbon  foil 
with  FI.  Comparison  of  the  results  obtained  with  different  target  models  shows  that  a 
correct  description  of  the  interaction  of  a  high  contrast  laser  pulse  with  an  ultra-thin 
solid  dense  target  should  include  the  FI  effect.  It  was  found  that  for  the  case  (1)  a 
bunch  of  quasimonoenergetic  electrons  from  inner  atom  shells  moves  co-directionally 
with  laser  pulse  and  acquire  energy  ~mec2 a2 /2. 
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The  talk  will  be  focused  on  non-oscillatory  central  schemes,  which  are  simple, 
efficient,  highly  accurate  and  robust  Godunov-type  finite-volume  methods  for  general 
hyperbolic  systems  of  conservation  laws.  I  will  first  show  their  derivation  and  then 
several  recent  applications. 

I  will  first  give  a  brief  description  of  Godunov-type  finite-volume  methods  for 
general  hyperbolic  systems  of  conservation  laws.  These  methods  consist  of  two  types 
of  schemes:  upwind  and  central.  My  lecture  will  focus  on  the  second  type  -  non- 
oscillatory  central  schemes. 

Godunov-type  schemes  are  projection-evolution  methods.  In  these  methods, 
the  solution,  at  each  time  step,  is  interpolated  by  a  (generically  discontinuous) 
piecewise  polynomial  interpolant,  which  is  then  evolved  to  the  next  time  level  using 
the  integral  form  of  conservation  laws.  Therefore,  in  order  to  design  an  upwind 
scheme,  (generalized)  Riemann  problems  have  to  be  (approximately)  solved  at  each 
cell  interface.  This  however  may  be  hard  or  even  impossible. 

The  main  idea  in  the  derivation  of  central  schemes  is  to  avoid  solving  Riemann 
problems  by  averaging  over  the  wave  fans  generated  at  cell  interfaces.  This  strategy 
leads  to  a  family  of  universal  numerical  methods  that  can  be  applied  as  a  black-box- 
solver  to  a  wide  variety  of  hyperbolic  PDEs  and  related  problems.  At  the  same  time, 
central  schemes  suffer  from  (relatively)  high  numerical  viscosity,  which  can  be 
reduced  by  incorporating  of  some  upwinding  information  into  the  scheme  derivation  - 
this  leads  to  central-upwind  schemes,  which  will  be  presented  in  the  lecture. 

During  the  talk,  I  will  show  a  number  of  recent  applications  of  the  central 
schemes. 
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We  develop  a  finite-volume  technique  for  solving  the  compressible  non- stationary 
Euler  equations  in  complex  domains  bounded  by  surfaces  of  moving  solid  bodies.  This 
technique  is  a  kind  of  the  embedded  or  immersed  boundary  method  where  the 
computational  grid  covers  the  whole  computational  domain  including  solid  regions,  and  the 
solid  boundary  is  treated  independently  on  the  base  grid.  The  method  is  based  on  the 
Godunov  approach.  Calculations  are  performed  over  the  whole  domain  with  the  same 
algorithm  for  all  cells;  no  special  interpolation  scheme  near  the  solid  boundary  is  involved. 
The  effect  of  the  solid  surface  is  taken  into  account  by  means  of  in  some  sense  fictitious 
(artificial)  fluxes  of  mass,  momentum,  and  energy.  These  fluxes  are  added  to  cut  cells  so 
that  the  solution  in  the  exterior  to  the  solids  would  be  the  same  as  that  of  the  original 
boundary  value  problem.  The  method  proposed  is  shown  to  be  more  flexible,  robust,  and 
efficient  than  other  methods  based  on  the  immersed  boundary  approach. 

This  paper  addresses  a  numerical  technique  for  solving  non-stationary 
compressible  Euler  equations  in  a  region  external  to  solid  objects  that  may  move  in 
space  with  a  prescribed  law  of  motion  (forced  motion)  or  due  to  interaction  with  the 
gas  (free  motion).  The  method  we  propose  pertains  to  the  class  of  embedded 
(immersed)  boundary  approaches. 

In  an  embedded  boundary  approach  the  computational  domain  (that  includes 
both  gas  and  solid  regions)  is  discretized  with  a  grid  (structured  or  unstructured)  and 
solid  surfaces  intersect  computational  cells  in  an  arbitrary  fashion.  The  main 
advantage  of  the  embedded  boundary  method  compared  with  body  fitted  grid 
approaches  is  the  simplicity  of  grid  generation,  and  the  possibility  to  discard 
regridding  (to  accommodate  changes  in  geometry  due  to  solid  motion)  from 
calculations. 

The  penalty  for  this  simplicity  of  coarse  emerges  that  consists  in  the  problem 
of  the  solid  surface  treatment,  in  particular  the  cut  cell  problem  -  how  to  calculate 
flow  parameters  in  the  cells  that  are  cut  by  the  solid  surfaces? 

Since  pioneering  works  by  C.  Peskin  (1977)  there  were  many  efforts  to  cope 
with  this  problem,  which  can  be  classifying  into  two  groups.  One  is  based  on  the 
finite  volume  formulation.  In  this  approach  a  naive  finite  volume  discretization  is 
applied  to  fractional  cells  forming  due  to  base  grid  cell  cutting.  This  way  faces  many 
difficulties,  such  as  “small  cell  problem”,  uprising  new  gas  cells  and  collapsing  cells 
in  consequence  of  solid  motion,  etc.  (Pember  et  al.  (1995).  The  other  group  of 
methods  is  based  on  finite-difference  discretizations  and  employing  rather 
sophisticated  interpolation  schemes  to  treat  the  boundary  conditions  at  solid  surfaces. 
These  methods  are  mostly  developed  for  incompressible  flow  problems.  Their 
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generalization  to  compressible  flows  is  in  somewhat  trickish  problem  due  to  the 
presence  of  shock  waves  and  other  discontinuities. 

We  propose  a  novel  approach  to  treat  the  boundary  conditions  in  the 
framework  of  the  embedded  boundary  method.  We  name  it  as  “boundary  in  cell 
(BIC)”  method.  It  is  applicable  to  compressible  flows,  very  flexible,  and  formulated 
in  an  unique  way  with  no  use  any  special  interpolating  schemes  for  solid  surfaces. 

The  BIC  method  much  relies  on  fundamental  ideas  of  the  Godunov  approach. 
A  key  point  of  this  method  is  an  alternative  mathematical  formulation  of  the  problem 
under  consideration.  The  conventional  statement  is  to  solve  the  Euler  equations 
exterior  of  the  solids  with  boundary  conditions  (b.c.)  at  the  solid  surface  (T) 

(u  -  Us,itj=0,  where  U  is  the  velocity  vector,  n  is  the  outward  normal,  the 
underscript  “s”  means  solid  velocity. 

The  alternative  formulation  can  be  obtained  in  the  following  way.  Let’s  for  a 
moment  suppose  that  gas  occupies  all  domain  (including  regions  of  solids)  and  the 
solid  surface  is  permeable.  Then  the  gas  flow  can  be  described  by  the  system  of 
integral  conservation  relations  for  an  arbitrary  domain  Q  bounded  by  s : 

d 

—  j  qr/Q  +  j  fjvdS  =  0 .  Of  coarse,  the  b.c.  will  not  satisfy  in  this  case.  If  we  restore  T 

dtns 

again  as  non-permeable,  the  flow  outside  will  change  to  adopt  the  b.c.  We  try  to  take 
into  account  this  process  by  means  of  some  fictitious  fluxes  that  are  introduced 
locally  at  the  solid  surface  to  compensate  the  loss  of  mass,  momentum,  and  energy: 

|jqdn+jfivs  =  -  J  F  dS  (1) 

uta.  S  y(Cl) 

where  ^(Q)  =  rn£2 

Compensating  fluxes  fw  are  defined  so  that  the  solution  of  (1)  in  exterior  of  the 
solid  and  the  solution  to  the  conventional  problem  with  b.c.  are  completely  matched. 
One  can  prove  that  this  can  be  achieved  by  means  of  the  following  choice: 

p(u-Us,n) 

F  =  p(u-Us,n)u+{p-pw)n  (2) 

p(u-us,n)E+(pu-pJjs,n) 

where  the  subscript  “w”  means  the  pressure  that  occurs  at  the  solid  surface  in 
consequence  of  the  flow  reaction  to  the  presence  of  the  solid  obstacle. 

Thus,  the  BIC  method  is  to  integrate  (1)  and  (2)  throughout  the  whole 
domain.  We  accomplish  this  with  the  second  order  Godunov  method.  The  fluxes  for 
all  cell  faces  (those  bounded  the  cell  itself  and  those  in  cell)  are  treated  in  the  same 
manner  through  the  solution  of  the  Riemann  problem.  There  are  some  technical 
details  of  the  method  that  are  omitted  due  to  limited  space  of  the  present  abstract, 
which  will  be  reported  in  the  final  paper. 
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Figure  1:  Instantaneous  pressure  field:  20  deg  wedge,  M=1.6,  body  fitted  grid 
calculation  (upper),  BIC’s  calculation  (lower). 

Here  we  show  some  results  that  demonstrate  capabilities  of  the  BIC  method. 
First  problem  is  the  M  =1.6  flow  around  a  20°  wedge.  Calculations  are  performed 
with  a  conventional  body  fitted  grid  and  a  Cartesian  grid  by  means  of  the  BIC 
method.  Results  are  compared  in  Fig.  1. 

Another  is  the  simulation  of  a  shooting  process.  There  is  a  very  small 
clearance  (0.37% of  the  barrel  diameter)  between  the  projectile  and  the  barrel, 
through  which  explosive  gas  can  release  the  compressed  region.  Use  of  a  body  fitted 
grid  is  impractical,  whereas  the  BIC  method  successfully  copes  with  all  difficulties  of 
this  simulation  (Fig.  2). 
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Figure  2:  Pressure  field  for  several  time  moments  for  the  shooting  process 
simulation. 
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FINITE  ELEMENTS  METHOD  FOR  MATHEMATICAL  MODELING 
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Address :  Leninskiye  gory,  Moscow,  119991,  Russia, 
muhartova@yanex.  ru 

This  work  presents  the  investigation  of  a  waveguide  with  Oz  axis  and  the 
cross-section  S  =  |(x,  y) :  x  e  [0,a], y  e  [0,6]}  with  perfectly  conducting  walls  and 

nonuniform  filling  in  a  form  of  a  bi-isotropic  material  insertion.  The  artificial 
materials,  or  metamaterials,  that  are  strongly  interacting  with  electromagnetic  field, 
are  currently  actively  developed  and  created.  Bi-isotropic  medium  is  the  most  general 
case  of  linear  isotropic  medium.  Its  distinctive  feature  is  the  existence  of  the 
electromagnetic  coupling,  so  the  electric  or  magnetic  field  acting  on  such  medium 
produces  both  polarization  and  magnetization,  unlike  ordinary  dielectrics  and 
magnetics: 

D  =  E  +  a^H 
B  =  a21E  +  a22H 

where  an,  an,  a21,  a22  are  constants. 

Thereby  the  development  of  effective  algorithms  for  calculating 
electromagnetic  field  in  such  media  is  a  challenging  problem.  A  numerical  algorithm 
for  calculating  electrical  field  inside  the  insertion,  excited  by  an  incident  normal 
wave  or  a  combination  of  normal  waves,  is  proposed.  The  algorithm  is  based  on 
solving  the  boundary  problem  in  the  full  vector  statement,  using  partial  radiation 
conditions.  However  in  the  case  of  electromagnetic  problems  in  such  statement  the 
finite  elements  method  can  give  spurious  solutions.  The  method  of  mixed  finite 
elements  effectively  suppresses  spurious  solutions,  but  it  possesses  less  accuracy  than 
the  Lagrangian  finite  elements  method.  The  numerical  algorithm  for  calculating 
propagation  constants  presented  in  this  work  is  based  on  specific  generalized 
statement  of  the  vector  problem,  and  it  permits  to  use  the  Lagrangian  finite  elements 
without  nonphysical  solutions. 

Consider  nonsingular  case,  when  ana22  -al2a2l  ^0.  We  will  study  the  spectral 

problem  for  the  field  with  harmonic  time  dependence  of  the  form  e~,wt .  Excluding 
vector  H  from  Maxwell’s  equations  and  taking  into  account  the  nonsingularity  of  the 
medium  we  obtain: 

rot  rot  E  =  ik[a2l  -  a12)rotE  +  k2  (a22an  -al2a2l)  E, 

<  divE  =  0, 

in-EL=0’  a) 
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where  k  =  m/c.  Let’s  search  for  the  solution  corresponding  the  traveling  wave: 
E(x,y,z)  =  E(x,y)£?'r~. 

Consider  an  arbitrary  rather  smooth  vector-function 
E*  (x,  y )  =  {£*  (x,  y  ),  E*  (x,  y ) ,  E*  (x,  y  )|  that  satisfies  boundary  conditions  for 


perfectly  conducting  walls. 

Thus  the  problem  can  be  formulated  as  follows:  we  must  find  the 
propagation  constants  y  and  the  corresponding  vector-f unctions 

E(x,y)  =  |£,1(x,y),£’2(x,y),£,3(x,y)}  with  components  belonging  to  the  Sobolev 
space  W2,1  ( -S' )  ;  the  contractions  of  Ej  (x,.y),  j  =1,2,3,  on  the  boundary  dS  must 


satisfy  the  conditions 

E\  =Ej  =E2\  ()=E2 1  =  E3 1  =£3|  =  E3 1  =£3 1  =0, 

1 1 y -()  1  \y=b  z  lx=0  ^\x=a  J  lx=0  ^ljt=a  ^  I y=0  J  ly=/? 

and  the  functions  Ef  (x,  y)  are  governed  by  the  equation 


(2) 


+ 


JJ 

11 


2dffdEf_  dEl  DEI 
dx  c 

dE^dEf  dE2  dE[ 
dx  dy 


dE2  dE*2  2dE2  dE *2 


dE3  dE:  dE3  dE*3 


dy  dy  dx  dx 


dE  dE* 

^e;+e3^+e3 


>ds  + 


dy 


dx 


ds-yk ( 
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-  al2 )  JJ  | E2E*X  -  E{E*_  |  ds  + 

s 


+  y2\^\ExE*x  +  E2E*2  +  2E3El}ds  - k2  (axxa22  -a12a2i)JJ(E,E*)ds  =  0 

s  s 

for  an  arbitrary  vector-function  E*(x,y)  with  components  belonging  to  and 

satisfying  (2). 

The  finite  elements  method  is  used  for  the  numerical  solution  of  the  problem. 
Consider  AC  (x,  y)  are  the  Lagrangian  basic  functions,  and 


Etdy)=YLE“NAxp-  k = 1.2,3  O) 

i= 1  7=1 

are  the  approximate  solutions.  Taking  the  boundary  conditions  into  account,  we  come 
to  the  nonlinear  eigenvalue  problem 

y2AX  +  yBX  +CX=  0,  (4) 

The  problem  (4)  can  be  transformed  to  the  linear  one  by  means  of  the 
additional  unknown  vector  Y  =  yX  : 

'  0  1  \(x\  ft  oYx' 


- C  - B 


\Y  J 


:y 


0  A 


\Y  J 


(5) 


The  proposed  algorithm  was  tested  for  the  waveguide  with  the  uniform 
isotropic  filling.  The  numerical  results  corresponded  well  to  the  theoretical  solutions, 
and  no  the  spurious  modes  were  obtained.  The  described  method  can  be  easily 
generalized  for  the  waveguide  with  the  laminated  filling.  These  algorithms  can  then 
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be  used  for  multiple  solving  the  direct  problem,  when  solving  the  inverse  problem  of 
synthesis  of  a  material  with  preset  features. 
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ON  HIGH  DISPERSION  TRAVELING  WAVE  SOLUTIONS  OF  THE 
KORTEWEG-DE  VRIES  BURGERS  EQUATION 
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manny.  salas  @  cox.  net 

Classical  fluid  mechanics  deals  with  dissipation  dominated  shock  waves  where 
the  flow  transitions  rapidly,  but  monotonically,  from  one  flow  state  to  another.  A 
simple  model  for  this  type  of  phenomenon  is  the  Burgers  equation  [1], 

dv  +  vd  v-sd  v  =  0, 

t  X  XX 

where  v  is  the  velocity,  v  is  the  space  variable,  t  is  time  and  s  is  the  coefficient  of 
viscosity.  This  model  has  only  one  reference  scale,  the  shock  wave  thickness,  given 
by  8f/[v],  where  [v]  is  the  jump  in  velocity  across  the  shock. 

However,  there  are  physical  situations,  such  as  an  undular  bore  in  shallow 
water  [2],  ion-acoustic  shock  waves  [3]  and  laser  induced  blast  waves  in  a  Bose- 
Einstein  condensate  [4],  among  others,  where  shock  waves  are  dominated  by 
dispersion.  A  prototype  model  equation  for  these  dispersive  shock  waves  is  the 
Korteweg-de  Vries  (KdV)  equation  [5], 

dy  +  vd  v  +  Sd  v  =  0, 

t  X  XXX 

where  8  is  the  coefficient  of  dispersion.  A  non-periodic  solution  of  the  KdV  equation 
is  a  self-reinforcing  solitary  wave,  or  soliton,  whose  wave  width  depends  on  its 
amplitude.  Other  solutions  consist  of  packets  of  solitons.  Unlike  viscous  shocks, 
these  dispersive  shock  packets  consist  of  a  head  wave  followed  by  a  damped 
(modulated)  wave  train  which  can  extend  for  very  long  distances. 
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There  are  other  phenomena,  such  as  the  flow  of  liquids  containing  small  gas 
bubbles  [6],  which  are  best  modeled  by  an  equation  that  combines  the  characteristics 
of  the  Burgers  and  KdV  equations;  this  is  the  Korteweg-de  Vries  Burgers  (KdV- 
Burgers)  equation.  Reviews  of  these  models  can  be  found  in  references  [7]  [8].  The 
purpose  of  this  paper  is  to  conduct  a  numerical  study  the  properties  of  traveling  wave 
solutions  of  the  KdV-Burgers  equation  in  the  range  of  high  dispersion  and  low 
dissipation.  In  this  range,  Johnson  [9]  obtained  an  asymptotic  solution  consisting  of  a 
damped  cnoidal  (a  Jacobi  elliptic  cosine)  wave  matched  to  the  solitary  wave  solution 
of  the  KdV  equation  and  Liu  and  Liu  [10]  claimed  an  "analytic  solution"  consisting 
of  a  damped  sinusoidal  wave  loosely  joined  to  the  solitary  wave  solution  of  the  KdV 
equation.  As  we  will  show,  the  Liu-Liu  solution  is  not  a  solution  of  the  KdV-Burgers 
equation,  but  of  a  linearization  of  this  equation. 

The  numerical  study  shows  that  the  wave  damping  rate  correlates  with  the 
wave  damping  rate  of  the  linear  solution  of  [10].  An  estimate  of  the  wave  train 
wavelength  as  a  function  of  the  Reynolds  number  is  presented.  It  is  shown  that  at 
distances  of  the  order  of  the  wave  train  width  the  individual  wavelength  asymptotes 
to  the  wavelength  of  the  linear  solution.  A  study  of  the  turbulence  characteristics  of 
the  computed  solutions  reveals  little  turbulence  like  behavior,  except  for  the  energy 
decay  rate  in  the  inertial-range  which  agrees  with  that  observed  in  the  Burgers 
equation. 
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ADER  SCHEMES  FOR  EVOLUTIONARY  PDES:  A  REVIEW 
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ADER  is  a  fully  discrete  approach  for  constructing  one-step,  non-linear 
numerical  schemes  of  arbitrarily  high  order  of  accuracy  in  both  space  and  time  to 
solve  evolutionary  partial  differential  equations.  The  approach  was  first  put  forward 
by  Toro  et  al.  [1]  for  linear  problems  on  Cartesian  meshes,  where  the  schemes  were 
formulated  for  one,  two  and  three  space  dimensions;  reported  implementations  for 
linear  schemes  (fixed  stencils)  for  one  and  two  space  dimensions  included 
computations  of  up  to  10-th  order  of  accuracy  in  both  space  and  time.  The 
implementation  of  ADER  schemes  requires  two  ingredients  (a)  a  high-order  non¬ 
linear  spatial  reconstruction,  once  per  time  step,  and  (b)  the  solution  of  the 
generalized  (or  high-order)  Riemann  problem  at  each  cell  interface,  also  once  per 
time  step.  Here  the  generalized  Riemann  problem  is  the  Cauchy  problem  for  he 
relevant  system  with  piece-wise  smooth  initial  data  (eg.  polynomials),  with  source 
terms  included.  Further  developments  of  the  ADER  methodology,  including 
nonlinear  systems,  multiple  space  dimensions,  structured  meshes  and  unstructured 
meshes  are  found,  for  example,  in  Refs.  [2]  to  [14].  An  introduction  to  ADER 
schemes  and  a  review  are  given  in  chapters  19  and  20  of  Toro’s  book  [15].  Recent 
work  on  the  ADER  approach  aims  at  simplifying  the  schemes.  Examples  of 
applications  will  be  shown. 
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MeToa  pa3HOCTHt.ix  noTeHunaaoB,  npeaJiO/KeiiHbm  Pa6em>KHM,  npmvieneH 
COBMeCTHO  C  KOMnaKTHBIMH  pa3HOCTHBIMH  CXeMUMH  BBICOKOrO  nOpa/IKa  TOHHOCTM  ana 
pememia  3aaan  pacnpocTpaneuMfl  bojih  b  obaacTax  c  nepeMemibiMH  n,  bo3mo>kho, 
pa3pBIBHBIMH  xapaKTepncTHKaMH  cpeat.1. 

The  method  of  difference  potentials  by  Ryaben'kii  is  combined  with  compact  high 
order  accurate  finite  difference  schemes  for  solving  the  problems  of  propagation  of  waves 
across  the  regions  with  variable  and/or  discontinuous  material  characteristics. 
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We  present  a  high  order  accurate  methodology  for  the  numerical  simulation  of 
time-harmonic  waves  governed  by  the  variable  coefficient  Helmholtz  equation.  Our 
approach  combines  the  method  of  difference  potentials  developed  by  Ryaben'kii  [1] 
with  compact  finite  difference  schemes  that  provide  an  inexpensive  venue  toward 
high  order  accuracy  [2,3].  The  method  of  difference  potentials  can  be  interpreted  as  a 
generalized  discrete  version  of  the  method  of  Calderon's  operators  in  the  theory  of 
partial  differential  equations. 

The  method  of  difference  potentials  [1]  offers  several  key  advantages,  such  as 
the  capability  of  handling  boundaries/interfaces  that  are  not  aligned  with  the 
discretization  grid,  variable  coefficients,  and  nonstandard  boundary  conditions.  In 
doing  so,  the  complexity  of  the  algorithm  remains  comparable  to  that  of  a 
conventional  finite  difference  scheme  on  a  regular  structured  grid.  In  addition  to  that, 
compact  schemes  [2,3]  enable  high  order  accuracy  on  narrow  stencils  and  hence 
require  only  as  many  boundary  conditions  as  needed  for  the  underlying  differential 
equation  itself. 

We  have  applied  the  proposed  methodology  to  solving  several  variable 
coefficient  interior  Helmholtz  problems  with  fourth  and  sixth  order  accuracy  [4].  We 
have  also  analyzed  the  exterior  scattering  of  time-harmonic  waves  about  smooth 
shapes,  as  well  as  a  number  of  transmission/scattering  problems  [5],  in  which  not 
only  do  the  waves  scatter  off  a  given  shape  but  also  propagate  through  the  interface 
and  travel  across  the  heterogeneous  medium  inside.  In  all  the  cases,  our  methodology 
guarantees  high  order  accuracy  for  variable  coefficients,  regular  grids,  and  non- 
conforming  boundaries  and  interfaces  [4,5]. 

In  addition  to  that,  we  have  solved  several  problems  with  non-standard 
boundary  conditions,  such  as  variable  coefficient  Robin  and  mixed 
Dirichlet/Neumann  boundary  conditions  [6].  A  significant  advantage  of  our  approach 
is  that  it  introduces  a  universal  framework  for  treating  the  boundary  conditions  of  any 
type,  and  that  altering  the  boundary  condition  requires  only  minor  changes  to  the 
overall  algorithm. 


total  field,  abs 


I 


Figure  1.  Scattering  of  a  plane  wave  about  an  ellipse  with  aspect  ratio  10.  Absolute 
value  of  the  total  field  is  shown.  The  exterior  wavenumber  is  10  and  the 
interior  wavenumber  is  20. 
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IIpeaJiaraeTca  HHCJieHHtm  Mexoa  peniemra  ypaBiienuM  IleHjieBe  I- VI.  TpyzmocTb 
3toh  3aaann  b  tom,  hto  peniemra  Moryr  HMeTb  noaBH)KHbie  nomoca,  a  ypaBHemia  hmciot 
oco6eHHOCTb  b  TOHKax,  r\ue  pememia  npnHHMaiOT  HeKOTOpbie  3HaueHHa.  Mexoa  ocHOBaH 
Ha  nepexoae  k  3KBHBajieHTHbiM  CHCTeMaM  an<f)c{)epeHii,HajibHbix  ypaBHemm  6e3 
ocoSenHOCxeH  b  yKa3aHHbix  TOHKax  h  hx  OKpecTHOCTax. 

A  numerical  method  for  solving  the  I- VI  Painleve  equations  is  proposed.  The 
difficulty  of  this  problem  is  that  the  unknown  functions  can  have  the  movable  poles,  and 
the  equations  have  singularities  at  the  points  where  the  solutions  take  some  values.  The 
method  is  based  on  the  transition  to  auxiliary  systems  of  differential  equations  having  no 
singularities  at  the  indicating  points  and  their  neighborhoods. 
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Tpancuen/ienTbi  IleHJieBe  nrpaiOT  BaacHyio  pout  b  HejiHHeiiHOH 
MaTeMaTHnecKOH  cf)H3Hxe,  KaK,  HanpHMep,  (J)ynxHHH  Eeccena  b  jiHHeiiHbix 
(J)H3HHecKHx  3a,aaHax  ([1]).  B  paSoTe  paccMaTpHBaeTca  HHCJieHHbiH  mctoa  pememia 
3a^anH  Kohih  ana  Bcex  ypaBHemni  IleHJieBe  I- VI.  TpyaHOCTb  coctoht  b  tom,  hto 
pememia  Moryr  hmctb  noaBHncHbie  oco6bie  tohxh  Trnia  noaioca,  a  caMH  ypaBHeHHH 
HMeiOT  ocoSeHHOCTB  b  Tonxax,  rae  pememiH  npHHHMaiOT  HeKOTOpBie  3HaneHHa  (Bee 
TaKHe  tohkh  Ha3BaHBi  KpHTHwecKH m h ) .  Bcero  ana  6  ypaBHeHHH  HMeeTca  23  BHaa 

KpHTHHeCKHX  TOHCX.  IIOJIO>KeHHe  KpHTHHeCKHX  TOHCX  3aBHCHT  OT  peiHCHHH  H 
3apaHee  HeH3BecTHO.  B  npopecce  pememiH  TpeSyeTca  oSHapyacHTb  xpHTHnecxyio 
TOHKy,  HHCJieHHO  HaiiTH  ee  nojioaceHHe,  npoimi  nepe3  Hee  h  nojiyHHTb  yaoSHoe 
npeacTaBJieHHe  pememia  b  ee  OKpecTHOCTH.  npeaJiaraeMbm  MCTon,  Ha3BaHHBiH 
HaMH  MemodoM  nocjiedoeamejibnozo  ucKjiwnemiH  ocodennocmu,  no3BOJiaeT  peuimr, 
3Ty  3aaany  xoppexTHoro  npoxoacaemiH  nepe3  xpHTHnecxyio  Tonxy.  OcHOBa  MeToaa 
coctoht  b  nepexoae  x  axBHBajieHTHoii  an(|)(j)epeHii,HajibHOH  chctcmc,  ypaBHemia  h 
pemeHHa  xoTOpoii  He  hmciot  oeoSeHHOCTeH  b  eooTBeTCTByiomeH  xpHTHnecxoi! 
TOHxe  h  ee  oxpecTHOCTH. 

Haeio  nojiynemiH  BcnoMoraTejibHbix  ypaBHeHHH  h3jio>xhm  Ha  npHMepe 
nojiroca  2-ro  nopaaxa.  A™  hcxo^hoh  cj)yHxu,HH  y(x)  b  oxpecTHOCTH  nomoca  x, 
BBoaaTca  (J)yHxu,HH  u(x)  =  y(x)/y'(x)  h  v(x)  =  (y  '(V))2  /  y3(-^)  •  A™  hhx  HMeeT 
MecTo:  u(x,)  =  0 ,u '(X,)  ^  0,  v  =  v(jc„)  ^  0 .  Hcxo^Hoe  ypaBHeHHe  npHBoaHTCH  x 

CHCTeMe  u'  -  g(x,u,v),  uv' -  h(x,u,v) ,  rae  npaBtie  nacTH  -  aHajiHTHHecxHe 
foyHXHHH  b  oxpecTHOCTH  tohxh  (x,,0,v„).  Ecjih  h(x, 0,v)  =  0,  to  BTOpoe  ypaBHeHHe 

HMeeT  BHfl  v'  =  h(x,u,v)  h  CHCTeMa  oeoSeHHOCTH  He  HMeeT.  Ecjih  3to  He  Tax,  to  H3 
cooTHOHiemni  /i(x,0,v)  =  0  Haxo^HTca  v=v„(x),  rae  v„(x)  aHajiHTHHecxaa 
(jiyHxu,Ha.  B  CHJiy  npHBeaeHHbix  cooTHomeHHH  b  oxpecTHOCTH  x,  HMeeT  MecTo 
npeacTaBJieHHe  v(x)  =  v(x)  +  u(x)zl  (x) ,  zt(x)  aHajiHTHHecxaa.  cjjynKmiM  u(x) , 
zl (x)  nojiynaeTca  CHCTeMa  u '  =  gx (x, u,  zx) ,  uzx '  =  \ (x,u,zx),  noaoSHaa  npeaBiaymeii, 
h  a-Jia  Hee  npopecc  npeo6pa30BamiH  noBTOpaeTca.  Oxa3biBaeTca,  aaa  Bcex 
ypaBHeHHH  rienaeBe  h  Bcex  tiiiiob  xpHTHHecxHx  tohck  SKBiiBaaeiiTiibie  CHCTeMbi 
ypaBHeHHH  6e3  oeoSeHHOCTeii  (Bcero  23  BHaa)  nojiynaiOTCH  3a  xoHemioe  hhcjio 
(MaxcHMyM  6)  Taxnx  rnaroB  (cm.  [2-7]).  KpOMe  toto,  H3  nojiyHeHHbix  ypaBHeHHH 
caeayiOT  3(J)(j)exTHBHbie  xpHTepHH  nepexoaa  x  BcnoMoraTejibHbiM  chctcmbm  h 
oSpaTHO.  B  pe3yabTaTe,  HHCJieHHbiii  Meraa  npeacTaBJiaeT  co6oh  CBoeo6pa3Hyio 
«cxeMy  cxB03Horo  CHeTa»,  no3BOJiaa  npoxoanTb  nepei  moObie  xpHTHaecxHe  tohxh. 
IIoaoaceHHe  3thx  Tonex,  b  cnay  ycaoBHH  u(x,  )=  u'  ^  ,  Haxo^HTca 

HHcaeHHO  ycTOHHHBO.  34)(J)exTHBHOCTb  MeTO^a  noaTBepacaeHa  MHoroHHcaeHHbiMH 
pacneTaMH  (cm.  rpacjiHXH  b  [2-7]). 
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IIocTpoeH  napajuiejiBHBiii  aaropHTM  Harp hh hoh  nporoHKH  ana  pememia  chctcm 
ypaBHeHHH  c  SaoHiio-naTHaHaronajibiibiMH  MaTpunaMH  K03(f)(j)nuHeiiTOB.  JloKasana 
TeopeMa  o  BbinojmeHHH  npHHunna  cynepno3HUHH  ana  hckombix  neH3BecTiibix  npn 
pemeHHH  3aaann  b  noaodaacTax,  Ha  KOTopBie  pa36HBaeTca  ncxoanaa  ooaacTb. 

To  solve  linear  systems  of  equations  with  block- fivediagonal  matrices,  a  direct 
parallel  matrix  sweep  algorithm  is  constructed.  For  the  problem  in  subdomains  into  which 
the  initial  domain  is  partitioned,  the  theorem  about  the  superposition  principle  for  required 
unknown  vectors  is  proved. 

B  paSoTe  [1]  npeanoaceH  h  oSocHOBaH  napaaaeaBHBiii  aaropHTM  MaTpHUHOH 
nporoHKH  ana  pemeHHa  chctcm  ypaBHeHHH  c  6a o  h  n o  -Tpe xa h  aro  n aa  b  n  bi  m  h 
MaTpHpaMH  k o 3 cj) c|) ii u ii e ii to b .  B  aannon  pa6oTe  nocTpoeH  napaaaeaBHBiii  aaropHTM 
MaTpHHHoii  nporoHKH  ana  pemeHHa  chctcm  ypaBHeHHH  c  6hohho- 
naTHaHarOHaaBHBIMH  MaTpHpaMH  K03(J)(J)HHHenTOB.  TaKHe  CHCTeMBI  B03HHKaiOT  npH 
KOHeHHO-pa3HOCTHOH  annpOKCHMau,HH  TpexMepHBix  KpaeBBix  3aaau,  b  nacTHOCTH, 
npn  pemeHHH  TpexMepHoii  saaauH  3neKTpopa3BeaKH  (6okoboto  KapOTaacHoro 
30HaHpOBaHHa). 

P aCCMOTpHM  CHCTeMy  BeKTOpHBIX  ypaBHeHHH 
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C0Y0~D0Y1+E0Y2=F0, 

-B&  +  ClYl-DlY2  +  ElY,=Fv 

At2  -  Bfi.!  +  Cfi  -  D?m  +  E?m  =  Fi,  i  =  2,...,N  - 1; 

AY  —  R  Y  A-  C*  Y  —  D  Y  —  F 

^N1  N-2  ^N1  N-\  "t"  ^N1  N  ^N1  N+l  r  N  ’ 

Av+i^v-i  ~  BN+lYN  +  CN+lYN+l  —  FN+l, 


(1) 


rae  K  -  HCKOMbie  BeKTOpbi  pa3MepHOCTH  n,  Fi  -  aaaamibie  BeKTOpbi  p a3MepHO cth  n, 
Aj,Bi,Cj,Dj,Ei  KBaapaTiibie  MaTpHpbi  nopa/pca  n. 

Eyaeivi  npeanoaaraTb,  hto  ncxoanaa  oSaacTb  P,  rae  p acc m aTp m  b  aeTca  KpaeBaa 
3aaana,  npeacTaBaaeT  co6oii  npaMoyroabHHK.  IIpH  nocTpoeHHH  napamiejibHoro 
anropHTMa  ncxoaHyK)  oSaacTb  P  pa3o6beM  Ha  L  nepeceicaiomHxca  noao6aacTeH, 
onpeaeaaeMbix  HHTepBajiaMH  (K,K+M)  h  (K+1,K+M+1),  K=0,M, 

BepTHKaJIbHbIMH  3HIIHHMH  TaK,  HTO  N+1=L ‘  M+l  (pHC.  1). 


Phc.  1.  Pa36HeHHe  HcxoaHoii  oSaacTH  P  Ha  L  noaoSaacTeii 


B  KanecTBe  napaMeTpHHecKHx  HeH3BecTHbix  BbiSepeM  HeH3BecTHbie  BeKTOpbi 
Ha  rpaHHpax  noaoSaacTeii  YK,YK+X,  K  =0,  M CBfl3biBaioiu,He  HeH3BecTHbie  Ha 
ceTKe  no  BepTHKajiH.  OTHOCHTeabHO  ri a p a m e Tp h h e ck h x  HeH3BecTHbix  YK,  YK  , 
CTpOHTca  peayu,HpOBaHHaa  CHCTeMa  ypaBHeHHH  (PCI],),  HMeiomaa  MeHbmyK) 
pa3MepHOCTb  no  cpaBHemno  c  HCxoaHoii.  PCI]  npeacTaBJiaeT  co6oh  cncTeMy 
BeKTOpHbix  ypaBHeHHH  c  SjiOHHO-ceMnanaroHajibHOH  MaTpnu,eH  K03(jD(J)Hii,HeHT0B,  b 
KaJKaOH  CTpOKe  KOTOpOH  OaHH  H3  CeMH  3JieMeHTOB,  HaXOa^niHHCH  JIh6o  CJieBa,  jih6o 
cnpaBa  ot  raaBHOH  anaroHaaH,  HBaaeTca  HyjieBbiM. 

PCU,  MoaceT  6biTb  perneHa  MeToaoM  MaTpHHHOH  nporoHKH  a-Jifl  pememia 
CHCTeM  ypaBHeHHH  c  6  a  o  h  n  o  -  c  e  m  n  a  n  a  r  o  h  an  b  n  b  i  m h  MaTpnu,aMH .  (PopMynbi  MCToaa 
BbiBoaaTCH  aHaaorHHHO  (J)opMyaaM  MCToaa  MaTpHHHOH  nporoHKH  ana  pemeHHn 
CHCTeM  ypaBHeHHH  c  SnoHHO-TpexaHaroHanbHbiMH  MaTpnu,aMH  [2], 

U,OKa3ano,  hto  ana  hckombix  HeH3BecTHbix  b  L  iioaoonacTax  BbinonnaeTca 
npHHu,nn  cynepno3Hu,HH.  nocne  naxo/KaeiiHa  BeKTOpOB-napaMeTpOB  no  npHHHHny 
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cynepno3Hii,HH  ocTantHtie  hcxombic  HeH3BecTHBie  BBipaacaiOTca  nepet 
napaMeTpHnecKHe  h  HaxoaaTca  b  xaacaoii  noao6n acTH  L  He3aBHCHMO. 

ITapajiaeaBHBiH  anropHTM  MaTpHHiiOH  nporoHXH  jpm  pemeHHa  c h ctc m 
ypaBHeHHH  c  6no  h  n  o  -  n  aTna  h  aro  n  an  b  n  bi m m  MaTpHpaMH  iyio'/XCt  6bitb  3(J)(J)eKTHBno 
peaarooBaH  Ha  MHoronpopeccopHBix  CHCTeMax  c  pacnpeaeneHHOH  naMaTBio  c 
HHcaoM  npopeccopOB  L,  paBHBiM  nncny  noaoSaacTefi,  a  Taxnce  Ha  MHoroaaepHOM 
npopeccope  h  rpatJtHnecxHx  npopeccopax  (BHaeoxapTax). 

Pa6oTa  BBinoaHeHa  npn  noaaepacxe  YpO  PAH  no  nporpaMMe  npe3HanyMa  PAH 
(npoexT  12-H-01-1023)  h  npn  noaaepacxe  POOH  (npoexTl2-01-00106-a). 

Chucok  numepamypbi: 

1 .  AxHMOBa  E.H.  PacnapaaaeaHBaHne  aaropHTMa  MaTpHHHOH  nporoHXH  // 
MaTeMaTHaecxoe  MoaeanpOBaHne.  1994.  T.  6.  N°  9.  C.  61-67. 

2.  CaMapcxHH  A.A.,  HnxoaaeB  E.C.  MeToati  pemeHHa  ceTOHHBix  ypaBHeHHH.  M.: 
Hayxa,  1978. 


HHCJIEHHOE  HCCJIE^OBAHHE  CBOEO/JHBIX 
KOJIEEAHHH  MEMBPAHBI 
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PaccMaTpHBaiOTca  Banana  o  CBo6oaHBix  xonebaHHax  npaMoyroabHoh 
HeOaHOpOaHOH  MeM6paHBI,  MeM6paHBI  L-06pa3H0H  cj)OpMBI,  MeM6paHBI,  XOHTyp  XOTOpOH 
noayaaeTca  xoh(})opmhbim  OTo6pa>xeHHeM  xBaapaTa.  J],na  Ha3BaHHBix  3anan  nocTpoeHBi 
HHcaeHHBie  aaropHTMBi  6e3  Hacbimemni.  flpoBonuTca  cpaBiieHMe  c  pe3yaBTaTaMH, 
0ny6aHX0BaHHBiMH  b  aHTepaType. 

Problems  about  the  free  oscillations  of  a  rectangular  no  uniform  membrane,  a 
membrane  of  the  L-shaped  shape,  a  membrane  which  contours  is  gained  by  a  quadrate 
conformal  representation  are  considered.  For  the  termed  problems  numerical  algorithms 
without  saturation  are  constructed.  Comparison  with  the  effects  published  in  the  literature  is 
spent. 

BBe^eHHe.  B  [1]  onncaHa  MeToanxa  HHCJieHHoro  pemeHHa  3aaanH  Ha 
coScTBeHHBie  3iiaHeiiHH  ana  onepaTOpa  Jlanaaca.  3th  pe3yjiBTaTBi  ocHOBaHBi  Ha 
naeax  K.  H.  Ea6emco  [2],  nepByio  nySjiHxaitmo  aBTOpa  Ha  3Ty  TeMy  cm.  b  [3], 
nporpaMMBi  onySjiHxoBaHBi  b  [4].  HecMOTpa  Ha  3th  ny6jiHxau,HH  Ha  3anaae 
peryjiapHO  noaBnaiOTca  CTaTBH  o  bbihhcjichhh  co6ctbchhbix  Hucen  onepaTOpa 
Jlanaaca  (cBo6oam>ie  xone6amia  MeMSpaHBi).  HacToamaa  paSoTa  nocBanteHa 
aHaaH3y  sthx  ny6aHxau,HH  h  cpaBHeHHio  c  pe3yaBTaTaMH  aBTOpa. 

1.  /],ByMepHoe  ypaBHeHHe  Jlanaaca  b  npnMoyroabHHKe. 

PaccMOTpHM  3aaany  Ha  coScTBemmie  3HaneHHa: 
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A u  +  Xpu  =  0,  u 


u 


Isr 


=  0. 


u(x,y),p  =  p(x,  y)  >  0;  (x,  y)  e  T{  [0,  a]  x  [0, b\ } , 


HJ1H 


dudu 

—x  +  xrx  +  Xp(x,  y)u  =  0,  u  =  u(x,  y). 
dx  dy- 

,Z],HCKpeTH3au,H5i  KpaeBoii  3a/iaHH  (1.1)  onncaHa  b  [1],  B  pe3yjitTaTe  nouynaeM 
aHCKpeTiiyio  3aflany  b  Biine: 

(A  ®/m  +In  ®  D}  )u  -ARu,  r^e  m  -  hhcjio  y3JiOB  flHCKpeTH3au,nn  no  jc,  «  -  hhcjio 

d2u 


y3JiOB  flHCKpeTH3au,HH  no  y.  D2  -  MaTpnpa  ^ncicpeTHoro  onepaTOpa  : 


dx2 


^  d2u 

pa3Mepa  mxm,;  D 2  -  MaTpnpa  ^ncicpeTHoro  onepaTOpa  :  -  — -  pa3Mepa  n*n;  u  - 

dy 

BeKTOp  fljiHHti  N-m-n,  conep'/KamuM  npn6jiH3KeHHbie  3 1 \ an e n h a  coSctbchhoh 
fjiyHKTTnn  u=u(x,y)  b  y3Jiax  cctkh,  X-  npn6jin>KeHHoe  coocTBennoe  3HaneHne,  R- 
flnaroHajibHaa  MaTpnpa,  coflepncamaa  Ha  ^naroHajin  3HaneHHfl  (Jiymciinn  p—p(x,y) b 
y3Jiax  ceTKH.  Ilo  x  m  y  BtiSnpaeTca  ceTica  no  HyjniM  MHoronneHa  HeSbiineBa,  0- 
3Hax  KpOHeKepOBCKoro  npoH3BenenHH  MaTpnu,;  Im ,  In  -  enmiMHiibie  MaTpnpbi 
pa3Mepa  mxm  n  nxn  cooTBeTCTBeHHO.  MaTpnpbi  Dj  wD2  CTpoaTca  nporpaMMon 
fljia  penjciiHH  onnoiviepnoM  saflawH  HI  Ty  p  m  a  -  J1  h  y  b  h  a  a  a  [1], 

npn  p=l,  coScTBeHHbie  3Hanefflni  KpaeBoii  3aflann  (1.1)  n3BecTHbi  b 
aHajiHTnnecKOM  Biine: 


(  ..2 


/l  2=;r 


,2  A 


r  s 

—  +  J2 
a  b 


,  r,s  =  1,2,3,.... 


Pe3ynbTaTbi  pacneTOB  npnBe^eHbi  b  [5]. 
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EHKOMIIAKTHME  CXEMBI  PEIIIEHHfl  JIHHEHHOrO 
HEOAHOPOAHOrO  YPABHEHHH  nEPEHOCA 

E.H.  ApMCTOBa1,  C.B.  MapTbiHemco2,  E.B.  Potob' 

lH JIM  um .  M.B.Kejidbiiua,  MOTH , 
aristovaen  @  mail,  ru 
2  MOTH, 

martinenko _sv  @  mail,  ru 
HnM  um.  M.B.Kejidbiuia,  MOTH, 
rogov@post.ru 

B  pa6oTe  npeacTaBJieno  pa3BHTHe  6nK0MnaKTHbix  cxeM,  npeanoaceHHbix  paHee  ana 
CHCTeM  ypaBHeHHH  b  nacTiibix  npoH3Boaiibix  THnepboamiecKoro  Tana,  aaa  pememia 
ypaBHeHaa  nepeHOca  rojiyaefflia  hbh  nacTHu.  CxeMa  oojiaaaer  ueTBepTbiM  riopaaKOM 
annpOKCHMau,HH  no  npocTpaHCTBy  n  TpeTbHM  no  BpeMeHn.  PaccMOTpeHbi  cnoco6bi 
annpOKCHMan,nn  CTauHOiiapiibix  3aaan. 

Development  of  bicompact  schemes,  which  earlier  have  been  suggested  for  solving 
hyperbolic  systems  of  equation  in  partial  derivatives,  for  solving  particle  or  radiation 
transport  equation  has  been  done.  The  scheme  has  fourth  order  of  approximation  in  space 
variables  and  third  in  time.  The  different  approaches  to  solving  stable  equations  have  been 
investigated. 

JlmteiiHoe  HeoaHOpoaHoe  ypaBHettne  nepeHOca  onnctiBaeT  nepettoc 
HenojiapH30BaHHoro  roayneHHa  hjih  HeiiTpOHOB  b  cpeae  [1].  KoHcepBaTHBHOCTB 
pa3HOCTHoii  cxeMti  b  3tom  caynae  aBaaeTca  bb>khbim  cbohctbom,  OTpaacaiontHM 
4)H3nnecKHH  3aKOH  coxpaHemia  Ha  pa3HOCTHOM  ypOBHe.  He  MeHee  BaacHO 
HcnojiB30BaTB  annpOKCHMau,HK)  Ha  MHHHManBHOM  maSnoHe  H3-3a  npHcyTCTBHa 
KOHTaKTHBix  pa3pt.iBOB,  BectMa  xapaKTepHbix  ana  3aaan  nepeHOca  rvtayHeiina  hjih 
nacTHu,.  B  KOHcepBaTHBHO-xapaKTepHCTHnecKHx  MCToaax  o6bihho  KOMnaKTiiaa 
annpOKCHMau,Ha  CTpOHTca  c  Hcnojn>30BaHHeM  noTOKOB  no  rparoiM  pacneTHOH 
auetiKH  [2],  HeKOppeicraoe  nep  epacnpeaeaemie  no  rpaHaM  Bbixoaamnx  noTOKOB 
npHBoaHT  k  tnauHTeabiibiM  oiHH6icaM  b  aaaauax  c  reTeporeHHbiMH  cpeaaMH  nan 
c o c p ea o to h  e n  n  bi  m  h  h cto  h  i  i  h  k a m  h  [3]. 

CeMeiiCTBO  KOMnaKTHbix  cxeM  aaa  pemeHHa  aHHeiiHoro  ypaBHeHHa  nepeHOca, 
nocipoeHHbix  Ha  ocHOBe  vieToaa  npaMbix  h  HHTerpo -HHTepnoaau,noHHoro  vieToaa, 
6biao  npeaao'/Keiio  b  [4].  3th  cxeMbi  Hcnoab3yiOT  pacmnpeHHe  cnncKa  hckombix 
BeaHHHH,  BKuiouaa  iiapaay  c  y3aoBbiMH  snaHeiinaMH  HHTerpaabHbie  cpeaHHe  no 
ceTOHHOH  auettKe  nan  3iiaHeiina  b  noayueabix  y3aax  b  cayuae  oaHoii 
npocTpaHCTBeHHoii  nepeMeHHOH.  Pa3BHTne  MeToaa  aaa  MHoroMepHbix  reoMeTpHH  h 
CHCTeM  rnriepooaHHecKHx  ypaBHeHHH  npeacTaBaeHO  b  [5-6],  3th  cxeMbi  ooaaaaiOT 
HCTBepTbiM  riopaaKOM  annpOKCHMaitHH  no  npocTpaHCTBeHHbiM  nepeMeHHbiM  h 
TpeTbHM  no  BpeMeHH.  Ohh  aocoaiOTiio  ycTohiMBbi,  mohotohhbi,  peaaH3yiOTca 
MeToaoM  6erym,ero  cneTa. 
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B  flaHHoii  paSoTe  npeacTaBJieHO  npHMeHemie  sthx  cxeM  AJia  HeoAHOpOAHoro 
ypaBiieuna  nepeHOca.  IIpH  nocTpoeHHH  6  n  k  o  m  n  a  k  ti  i  b  i  x  cxeMBi  ana 
HecTapHOHapHoro  ypaBHeHHa  nepeHOca  b  cjiynae  oahoh  h  pByx  npocTpaHCTBeHHBix 
nepeMeHHBix  Taicace  ncnojiB3yeTca  pacuinpemiBiH  ciimcok  hckombix  bcahhhh. 
npepaoaceHa  c^aKTopMSOBaimaa  cxeMa  paa  peniemia  ypaBHeHHa  nepeHOca  b 
PByMepHOH  nJIOCKOH  reOMeTpHH,  B  KOTOpOH  CIIMCOK  HCKOMBIX  c|)yiIKMMM  yBCjlMHCII  po 
HCTbipex.  /fna  m i itc rp m po Bai i m a  no  BpeMeHH  HcnojiB3yiOTca  cxcmbi  H3  ceMencTBa 
AHaroHaaBHO-HeaBHBix  mctoaob  PyHre-KyTTBi  TpeTBero  nopapKa  a n n p o k ch m a u m m ,  a 
TaKace  cxcmbi  Po3eH6pOKa  c  k  o  m  m  a  e  k  ci  i  b  i  m  m  ko  3  cj)  e|)  m  u  m  e  n  tum  m  CROS. 
PaccMOTpeHBi  paajiMHiibie  BapnaHTBi  cxcmbi  Ana  CTaMMOiiapnoro  neoAiiopoAnoro 
ypaBHeHna  nepeHOca.  B  3aAanax  c  nocToaHHBiM  K03(J)(J)Hii,HeHT0M  norjiomemia 
a^^eKTHBHBin  nopaAOK  cxoahmocth  Ha  rjiaAKHx  peuieHHax  coBna^aeT  c 
TeopeTHnecKHM  h  paBeH  TpeM.  npeAJioaceH  perynaproaTOp  peniemia  Ha  ochobc 
HcnojiB30BaHHa  cxeMBi  CROS  Ana  3aAan  c  cyipecTBeHHBiM  norjiomeHHeM. 

PaSoTa  BBinoaHeHa  npn  (jDHHaHCOBoii  noAAepaoce  rpaHTa  npaBHTejiBCTBa  PO 
no  nocTaHOBJieHHio  N  220  "O  Mepax  no  npHBJieneHHio  BenyiiiMx  yneHBix  b 
poccnncKne  o6pa30BaTejiBHBie  ynpeacAemia  BBicmero  npocj)eccHOHajiBHoro 
o6pa30BaHna"  no  AoroBOpy  JV2  1 1.G34. 3 1.0072,  3aKaioneHHoro  MeacAy 
MnHHCTepCTBOM  o6pa30BaHHa  n  Hayxn  PO,  BCAyuiMM  yneiiBiM  h  Mockobckhm 
(J)H3HKO-TeXHHneCKHM  HHCTHTyTOM  (rOCyAapCTBCHHBIM  yHHBepCHTCTOM),  a  TaK’/KC 

rpaHTa  POOH  N°  1 1-0 1-003  89a. 
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CETOHHME  METO/JBI  PEIUEHHfl  BAPHAIJHOHHBIX  HEPABEHCTB 
C  OIIEPATOPAMH  MOHOTOHHOrO  THIIA 

H.E.  EaapHeB1 

1  Ka3aHCKuii  ( TlpueoRDtccKuu )  (pedepajibHbiu  ynueepcumem, 

ildar.  badriev  @  ksu.ru 

PaccMaipHBaiOTCJi  CMemaHHoe  BapHaimoHHoe  HepaBeHCTBO  c  onepaTOpOM 
MOHOTOHHOrO  THna  b  6aHaxoBbix  h  rHjib6epTOBbix  npocTpaHCTBax.  ^Jia  hx  pememra 
npeaao>Keiibi  ceTOHHbie  MeToani,  ocHOBaHHbie  Ha  KOiieHHOMepubix  annpoKCHMaimax 
BapHau,HOHHbix  HepaBeHCTB.  pemeHHa  ceTomibix  BapnauHOHHbix  HepaBeHCTB 

nocTpoeHbi  HTepapHOHHbie  MeToani  h  HCCJieaoBana  hx  exoanMOCTb. 

Mixed  variational  inequalities  with  monotone-type  operators  in  Banach  and  Hilbert 
spaces  are  considered.  To  solve  these  variational  inequalities  mesh  methods  based  on  finite 
dimensional  approximation  are  suggested.  For  solving  the  mesh  variational  inequalities 
iterative  methods  are  developed  and  their  convergence  is  investigated. 

IlycTb  v  -  oanaxoBO  npocTpaHCTBO  c  paBHOMepHO  BbinyKJibiM  conpaaceHHMM 
V* ,  M  -  BbinyKJioe  3aMKHyroe  MHoacecTBO  b  V ,  f  -  aaaamibin  3-neivienT  H3  V  * , 
-  OTHomeHHe  ^bohctbchhocth  Meacay  V  n  V* .  PaccMaTpHBaeTca  3aaana 

noHCKa  3JieMeHTa  weM,  aBJiatomeroca  pemeHHeM  CMemaHHoro  BapHau,noHHoro 
HepaBeHCTBa 

(. Au-f,ij-u)  +  F(rj)-F(u)>0  Vt/gM,  (1) 

rae  A:V  —>  V  -  ko3Ph,hthbhbih  onepaTOp  MOHOTOHHOrO  THna  ( n  c  e  b  ao  m  o  n  oto  n  n  li  ii 
[1],  MOHOTOHHblii  HJIH  CHJIBHO  MOHOTOHHbffl),  F  I  V  — » R '  -  BbinyKJIblH, 

coricTBeHHbiH,  HenpepbiBHbiH,  Boorime  roBOpa,  HeaH(|)(f>epeHH,HpyeMbiH 
(JtyHKitHOHaji.  TaKHe  BapHapHOHHbie  HepaBeHCTBa  B03HHKaiOT,  HanpHMep,  npn 
MaTeMaTHnecKOM  onncaHHH  npopeccoB  noa3eMHOH  (J)HJibTpau,HH  HecacHMaeMOH 
>KHaKOCTH  [2],  npn  pemeHHH  3aaan  06  onpeaeJieHHH  rpaHHu,  npeaeJibHO- 
paBHOBeCHBIX  IteJIHKOB  OCTaTOHHOH  BH3KO-nJiaCTHHeCKOH  necjtTH  [3],  npH  pemeHHH 
3aaan  06  onpeaeJieHHH  nojioaceHHa  paBHOBecna  mbtkhx  ceTnaTbix  oriojioneK  [4]  h 
T.a.  npH  yKa3aHHbix  Bbime  orpannuennax  Ha  onepaTOp  a  h  cjtyHKitHOHaji  f  3aaana 
(1)  HMeeT  no  KpaimeH  Mepe  oaHO  pemeHHe  [1], 

IlycTb  {Vh}h>0-  HexoTOpoe  eeMeiiCTBO  npocTpaHCTB,  rae  napaMeTp  h 
CTpeMHTca  k  HyjiK),  TaKoe,  hto  Vh  a  V .  IlycTb  3aaaHbi  anneinibie  onepaTOpbi 
rh:V —>Vh  (onepaTOpbi  cyaceHHa  H3  V  Ha  Vh ).  npH  stom  npeanonaraeM,  hto 
eeMeiiCTBO  {Vh}h  annpOKCHMHpyeT  V,t  .e.  lim/w0  \\  rhrj  -  rj\\v  =  0  aaamorioro  77  eV . 
^aa  Kaacaoro  h  paccMOTpHM  Bbinyioioe  3aMKHyroe  MHoacecTBO  Mh  a  Vh , 
annpOKCHMHpyK)iH,ee  M,  T.e.,  BO-nepBbix,  a-tm  jik>6oto  77  g  M  mo>kho  HaiiTH 
ajieMeHT  Tjh  eM(i  Taxon  hto,  lim^0  II 77^ -77  IIv=0,  h  BO-BTOpbix,  ecan  ph  g  M  h ,  r)h 
cxoaHTca  k  77  cna6o  b  V  npn  /i  — > 0 ,  to  77 gM.  3aaane  (1)  nocTaBHM  b 
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cooTBeTCTBHe  ceMeficTBO  annpOKCHMHpyiomHx  3apaH  noHCKa  oneMeHTOB  uh  e  Mh 
TaKHX, HTO 

(Auh-f,Tjh-uh)  +  F(Tjh)-F(uh)>  0  V ph  (2) 

TeopeMa  1.  2aaana  (2)  uueem  nenycmoe,  eunyvaioe  u  3aMKuymoe  MHOJtcecmeo 
peuienuu,  MHOJtcecmeo  { uh  }/!>0  peuienuu  3adami  (2)  paBHOMepHO  orpammeHO  no  h  : 
\\uh\\v<c,  zde  Koncmanma  c>0  ue  3aeucum  om  h.  Ecru  nodnocnedoeameRbHocmb 
{uh  cnaoo  cxodumcn  k  u  eV  npu  hi—>  0,  mo  u  -  peuieuue  3adcmu  (1). 

pememni  3apann  (2)  mo>kho  ncnojiB30BaTB  npepjio>KeHHBih  b  [5] 
HTepan,HOHHBIH  MCTOn,  Ka'/k7IL>IM  Uiar  KOTOpOrO  CBOaHTCa  K  pemeHHK) 
Bapnan,noHHoro  HepaBeHCTBa  c  onepaTOpOM  pBoiicTBeHHOCTH. 

PaSoTa  nofl^ep^KaHa  POOH  (rpaHTBi  N°  1 1-01-00667-a,  12-01-00955-a,  12- 
01-97022-p_noBOJi>KBe_a). 
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JIOKAJIBHO-O/JHOMEPHEIE  CXEMbI 
/JJUI  YPABHEHHH  £HOOy3HH  ^POEHOrO  nOPMAKA 

1  2 
A.K.  Ea33aee  ,  M.X.  IIIxaHyKOB-JIa(J)HmeB“ 

1  Ceeepo-OcemuHCKuu  co  eye)  a  pan  seniibi  u  yn  u  cep  cu  m  cm  um.  K.JJ.  Xemacypoea  - 

BjiaduKd6Ka3,  P  occur, 
alexander.  bazzaev  @  gmail.  com 

2  v/  V/ 

Kaoapduiio-EamapcKiM  zocydapcmeenubiu  yuueepcumem  um.X.M.  EepocKoea  - 

HdJlbHUK,  P OCCUR, 

lafishev@yandex.  ru 

PaccMOTpeiibi  ji  o  k  aa  b  h  o  -  o  a  1 1  o  m  e  p  h  b  i  e  pa3HOCTHbie  cxeMbi  aaa  ypaBHemia 
an(J)(J)y3HH  apooiioro  nopaaxa  c  KpacBbiMH  ycnoBHaMH  xpeTbero  poaa.  /fo  Kasai  ibi 
ycTOHHHBOCTt.  h  cxoauMOCTb  noKanbHO-oaHOMepHbix  cxeM  aaa  paccMaTpHBaeMOH  3aaauH. 

For  a  fractional  diffusion  equation  with  Robin  boundary  conditions,  locally  one¬ 
dimensional  difference  schemes  are  considered  and  their  stability  and  convergence  are 
proved. 


B  unuHiiape  QT  -  G  x  (0,7"],  ocHOBaHHeM  KOTOporo  cnyacHT  p  -  Mepimiii 
napanneneiiHnea  G  =  {x  =  (xl,x2,..,x  ) :  0  <  xp  <  t p,  ft  =  1,  p  c  rpamnteH  r , 
paccMOTpHM  aaaauy: 

d“tu  =  Lu  +  f(x,t),  (x,t)  e  Qt,  (1) 
kfi(x,t)~ —  =  K_PU-  ju_p(x,t),  xp  =  0,  (2) 

OXp 

c)vi 

-kp(x,t)—~  =  tc+pu  -jU+p(x,t),  xp  =  efi,  (3) 

OX  p 


u(x, 0)  =  u0(x),  x<=G,  (4) 

p 

Lu  =  y ^LpU,  Lpu  = 

P= i 


d 


dx 


p 


kJx,t) 


du 


dx 


P  J 


0  <  c0  <  kp(x,t)  <  cv  qp  >qt  >  0,  K±fs  >  0 ,k+/3  +  K_p  *  0, 


= 


1  r  u(x,q) 


r(i-«)  o  (t—rj) 


J 


dp,  0  <  cr  <  1  -  peryaapH30BaHHaa  apoSiraa 


npOH3BoaHaa  PHMaHa- JlHyBHaaa  nopaaxa  a ,  u  =  —. 

dt 

Pa3HOCTHBiii  aHaaor  3aaauH  (1)  -  (4)  HMeeT  BHa: 
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1  1  & 

~pT(2-a)h 


( 


\ 


A-a  _  A-a 

1 .  p-s+ 1  .  p-s 

]+- -  J+— 

V  p  p  J 


i£ 


J+e 


yf  =  Apy  p+®pp,  x&coh,p  =  \,p,{5) 


Apy 


(apy^*pxPeQ)h, 


p 


1/0.5 hp{af  yXi]Q-K_pyp,Xp=Q\,  0/ 


(p pi xp  e  (^hp  ’ 

Ji-p  /  0.5hp,Xp  =0, 

P+p  ^  0-5 hp,Xp  —  Ip, 


-1/0.5 lipids  *>  y^Nfi+/x+pyNfl),Xp  =  £p, 

P-p  =  P-p  "*■  ®-5hpf p$’ M+p  —  P +p  +  0.5 hpf pN/j- 

pememia  pa3HOCTHOH  3aaami  (5)  c  noMommo  npHHpnna  MaKCHMyMa  [1] 
noaywena  anpuopnaa  oueiiKa 

.<11  u0  llc  +— max  II  Ju_p{x,t')+ 1  Ji+fj(x,f)  |lc  + 


/+1  "C- 


K,:  0 <t'jT 

j 


S 

]'+- 
P 


I'C’ 


+pl  ar(2-a)y\a  Vmax  |l  (p 

j'=0  p=i0^<p 

OTKyaa  caeayeT  paBHOMepHaa  cxo^hmoctb  pa3HOCTHOH  cxeMBi  npn  1  /  2  <  a  <  1 . 
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«Locally  one-dimensional  scheme  for  fractional  diffusion  equations  with  robin 
boundary  conditions)) 
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MO^EJIb  nOPHCTOCTH  B  TOHKHX  CJIOflX 
A.JI.  BoH/japeea1 ,  T.H.  SMneBCKaa1 
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bal3 10775 @yandex.  ru,  zmig  @  mail,  ru 

THjih  nporH03a  paanauHOHHbix  noBpeacaeHHH  b  MiiorocjiOHHbix  CTpyKTypax 
pa3pa6oTaH  lYiexoa  cto  x  acT  h  h  ec  ko  ro  aiiaaora  pemeHna  KHiieTHHecKHx  ypaBiiemm 
K  o  a  m  o  r  o  p  o  b  a  -  <f>  e  jui  e  p  a  h  3  h  ii  ixiTe  h  h  a- C  m  oji  yx  o  b  c  ko  ro ,  ormcbmaiomHx  ({)ayKTyauoHiiyio 
craamo  (]3a30Boro  nepexoaa  1-ro  poaa,  Moaeab  o6pa30BaHna  nopncTOcm  BaacHa  npn 
Moan<|)HKau,HH  cbohctb  MaTepnaaoB. 

The  stochastic  analog  method  for  solutions  of  Kolmogorov-Feller  and  Einstein- 
Smoluchowski  kinetic  equations  is  used  for  prediction  of  radiation  damage  in  multilayer 
stmctures.  Kolmogorov-Feller  and  Einstein-Smoluchowski  equations  describe  fluctuation 
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stage  of  first-order  phase  transition.  The  model  of  porosity  formation  is  important  for 
modification  of  materials  properties. 

MeToa  CTOxacTHnecKoro  aHaaora  ocHOBaH  Ha  TeopeMax,  coraacHO  KOTOpBiM 
KHHeTHnecKHe  ypaBiieima  b  hbcthbix  npoHtBoanbix  n  ap  ao  o  a  h  h  e  c  ko  ro  ran  a 
0#H03HaHH0  CBataimi  co  CTOxacTHHec khm h  a h (|) cj) e p e i m h an b n b i m h  ypaBiieiimiMH 
ICJSyi  Hto,  a  naoTHOCTb  nepexoaHoii  Bepoaraocra  MapKOBCKoro  cayuaHHoro 
ripouecca  (Mil),  aBamomeroca  pemeHHeM  C^Y  Hto,  h i iTepnperapyeTca  kbk 
(fiyHKTTHa  pacnpeaeaeima  /OP/,  Bxoaamaa  b  cooTBeTCTByioiu.ce  KHHeraqecKoe 
ypaBHeHHe  [1],  OyHKUH0Haa-K03(])(J)HUHeHTaMH  KHHeTHUeCKHX  ypaBHeHHH 
aBaaiOTca  TepMoanHaMHuecKHH  noTeHunaa  Th66 ca  o6pa30BaHHa  3apoabmia  [3] 
(J)a30Boro  nepexoaa,  b  tom  uHCJie  h  aaa  BaKaHCH0HH0-ra30Bbix  nop  b  MaTepnaae  [4], 
a  Taxace  an(|)c[)y3Ha  b  npocTpaHCTBe  pa3MepOB  3apoabimeH  h  an(])c[)y3Ha  b 
KpHCTajuiHuecKHx  pemeTKax  cuoeB.  O  y  1 1  k  u  n  o  1 1  an  -  k  03  c})  c}m  u  m  e  1 1  T  a  m  n  aBaaiOTca  h 
noTeiiLiHaabi  KOCBemioro  ynpyroro  B3  a  n  m  o  a  e  h  ctb  n  a  3apoabimeH  b  cnoax. 
B3aHMoaeiiCTBHe  3apoabimeii  nponcxoanT  uepe3  B03Mym,eHHe  aKycTHuecKHx 
4)ohohob  pemeTKH  aecjtexraMH  bo  Bcex  cnoax  h  (jtpHaeneBCKHx  ocuHnnauHH 
nnoraocra  aaeKTpOHOB  b  MeTanne.  EpoyHOBCKoe  aBHaceHHe  paanauHOHHbix 
aecjteKTOB  b  cnoax  nponcxoanT  noa  aeiiCTBHeM  aanbHoaeHCTByiom,Hx  cnn.  Pememre 
CHCTeM  CAY  MoaenH  ocymecTBnaeTca  m  o  a  h  c[)  h  h  h  p  o  b  a  i  i  i  i  b  i  m  Ha  cnyuaH 
KB  a3HUHHeHH0  CTH  ypaBHeHHH  yCTOHUHBBIM  UHCUeHHBIM  MCTOaOM  [2]  BTOpOTO 
nopaaxa  tohhocth  c  SecKOHeuHOH  oSnacTbio  ycToimHBOcra  (coraacHO  BBeaeHHbiM 
onpeaeaemniM  h  TeopeMaM  [2])  Ha  3aaaHHoii  ceTKe  BpeMeHH  (6e3  orpaHHueHHa  Ha 
BeaHUHHy  mara  no  BpeMeHH).  Ha  KaacaoM  mare  no  BpeMeHH  pemaeTca  3aaaua  c 
HauaabHbiMH  ycnoBHaMH,  KOTOpbie  nepecuHTbiBaiOTca  b  cootb6tctbhh  c  cJtyiiKHneii 
pacnpeaeaeHHa  3apoabimeH  aecjteKTOB  no  pa3MepaM  h  nonoaceHHio  b  cnoax  c 
npeabiaymero  mara.  PacueTbi  pa3MepOB  octpobkob  hoboh  4>a3bi  Ha  noBepxHOCTH 
KpHCTaaaHuecKOH  pemeTKH  [3],  KOHaeHcaunn  KaacTepOB  Kaponaa  xpeMima  b 
naa3Me  pa3paaa  [4]  no3BoaHaH  Haiira  OP  3apoabimeH  cj)a30Boro  nepexoaa. 
06pa30BaHne  nop  b  MaTepnaaax  noa  B03aeHCTBHeM  paanauHOHHbix  noTOKOB  [4-7] 
npeacTaBaaeT  HHTepec  h  KaK  npopecc  aerpaaauHH  cbohctb  b  TexHoaornuecKHx 
3epKaaax  h  3am,HTHbix  noKpbiraax,  oSbeKTax  KyabTypHoro  nacaeana,  TaK  h  KaK 
cnoco6  noayueHHa  hobbix  MaTepnaaoB  [5,6],  YueT  mthobchhoh  ynpyron 
aecjtopMauHH  KpHCTaaaHuecKOH  pemeTKH  (Si,  SiC,  Mo  h  ap.)  3apoabimaMH 
ctjtepHuecKOH  (JtopMbi  3a  chct  CKauKa  naBneima  Ha  ero  rpamm,e  npoM3BonnTCH  no 
OP  aecJteKTOB  b  o6pa3ue  [6,7],  H3yueHHe  MexaHH3M0 b  (])a30Boro  nepexoaa  Ha 
HepaBHOBecHOH  CTaann  BaacHO  b  MaTep h aao Beae 1 1  n  n  T5IP,  aaeKTpopeaKTHBHbix 
aBHraTeaeii  k  o  c  m  h  h  e  ck  h  x  annapaTOB,  a  Taxace  b  co3aaHHH  nopHCTbix 
noaynpOBoaHHKOBbix  h  a n snexrp h h ec kh x  MaTepnaaoB  [8], 

PaSoTa  HacTHHiio  noaaepacana  nporpaMMon  OMH  PAH  3.5  h  rpaHTaMH 
POOH  N°  11-01-00282,  N°  12-01-00490). 
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«Simulation  of  non-equilibrium  process  of  initial  stage  of  phase  transition)) 

1  Keldysh  Institute  of  Applied  Mathematics,  Moscow,  zmig@mail.ru 


IIOCTPOEHHE  TOJICTBIX IIPH3MATHHECKHX  CETOHHBIX  CJIOEB 

OKOJIO  TEJI  CJI02KH0H  OOPMBI 

A.H.  EeaoKpbic-cDeaoTOB1,  B.A.  rapairaca2, 

JI.H.  KyapaBpeBa3,  C.B.  Ytkukhhkob4 

'B If  PAH,  MOTH, 
belokrys.fedotov@  gmail.  com 
2 B If  PAH,  MOTH, 
garan@ccas.ru 
3 B If  PAH,  MOTH, 
arnir@  rambler,  ru 

4 MOTH,  yuueepcumem  Mamecmepa, 
s.  utyuzhnikov@manchester.  ac.  uk 

MeToati  TeopnH  ynpyrocra  c  KOiieniibiMH  ae<f>opMaunaMn  Hcnoab3yiOTca  aaa 
nocTpoeHna  tojictoio  cexoHHoro  caoa  BOKpyr  Tea  caoacHoii  (J)opMbi.  HaaaabHbiM 
npn6an>KeHHeM  aBaaeTca  tohkhh  cnabHO  OKaTbin  caoii  ynpyroro  MaTepnaaa.  B 
pe3yabTaTe  ynpyron  pa3rpy3KH  caoii  MHoroKpaTHO  pacmnpaeTca,  3aTeM  ncnoab3yeTca 
BapuauHOHHO-MapmeBbffl  MeToa  aaa  nocrpoeHna  opToroHaabHon  cctkh  BHyrpn  caoa. 


Distribution  A:  Approved  for  public  release;  distribution  is  unlimited. 


49 


Finite  hyperelasticity  methods  are  used  to  construct  thick  prismatic  mesh  layers 
around  complex  bodies.  A  thin  compressed  elastic  layer  is  chosen  as  initial  guess.  Elastic 
springback  leads  to  a  controlled  layer  thickness  enlargement.  Then,  the  combination  of  a 
variational  method  and  marching  technique  is  used  for  construction  of  orthogonal  mesh 
layers  inside  a  wide  elastic  layer. 

npe^Jio'/Keti  BapHan,HOHHMH  MCTon  a b t o m ara h e ck o r o  riocTpoentia  tojictbix 
ceTOHHtix  cnoeB  BOKpyr  Ten  cjio>khoh  (jtopMbi.  npH  stom  (jtopMa  h  Tonm,HHa  cnon  He 
^0Ji>KHa  3aBHceTB  ot  tcauecTBa  ceTKH  Ha  noBepxHOCTH  Tena.  HanantHbiM 
npHSjiHnceHHeM  nBnneTcn  tohkhh  chjibho  cncaTbiii  cjioh  ynpyroro  MaTepnana 
tojththhoh  b  o^Hy  aueitKy  CeTKH.  BapHaU,HOHHBIH  mctoh  [1],  [2]  Hcnonb3yeTca  ana 
MOflejiHpOBamnt  ynpyrofi  pa3rpy3KH  3toto  MaTepnana.  B  peayntnaTe  cnoii 
MHOTOKpaTHO  pacninpaeTca. 


Phc.1. 


Ha  pHC.l  noKa3aH  npHMep  Tena  cpaBHHTenbHO  cnoncHoii  (JtopMti  -  BKA 
U,ArH,  h  noKa3aHO  ceneHHe  cnon,  Tonm,HHa  KOTOporo  npeBBimaeT  pa3Mep  cenemin 
Tena.  nocne  stoto  Hcnonb3yeTcn  anropHTM  yztanemin  caMonepeceneHHH  Ha 
BHeiHHeii  nacTH  cnoa.  3aTeM  Hcnonb3yeTcn  BapHau,HOHHO-MapmeBtiH  mctoa  j\jw 
nocTpoeHHn  opToronanbiioii  ceTKH  BHyrpH  cnoa.  TaKaa  MCTontiKa  rapaHTHpyeT 
HeBBiponc^eHHOCTB  ceTOK  He3aBHCHMO  ot  ToniiiHUhi  cnoa. 


Phc.2. 

npH  3tom  ceTKa  c  bbicokoh  tohhoctbk)  opToroHanbHa  k  Teny  H 
yflOBneTBOpneT  3aflaHHOMy  3aKOHy  crymemin.  Ha  pnc.2,  cneBa,  noKa3aH 
npH3MaTHnecKHH  ceTOHHBiH  cnoii  c  opToroHanH3au,HeH.  Ha  pnc.2,  cnpaBa, 
noKa3aHBi  npenBaptiTenbiibie  pe3ynbTaTbi  no  HiiTerpauMH  nocTpoeHHoro 
npH3MaTHnecKoro  cnoa  c  TeTpaa^panbHOH  ceTKoii  b  aflpe  pacneTHoii  oSnacra. 
TcTpaonpanbiiaa  ceTKa  CTpOHTca  c  Hcnonb30BaHHeM  mcto^hkh  [3],  ,Q,na  ynyuLucntia 
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KanecTBa  iHopHanoH  ceTKH  neooxoanM  aonoaiiMTeabiibiH  3Tan  onTHMH3an,HH 
nepexoaHOH  oSaacTH. 

PaSoTa  no^aepacaHa  rpaHTOM  npaBHTejibCTBa  PO  no  nocTaHOBJiefflno  N2220 
no  floroBOpy  N21 1.G34. 3 1.0072,  rpaHTOM  no  nporpaMMe  11-15  npe3nanyMa  PAH  n 
rpaHTOM  POOH  1 1-0 1-007 86-a. 
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OE  YCTOHHHBOCTH  HEJIOKAJIEHEIX  PA3HOCTHEIX  CXEM 

B  nO^nPOCTPAHCTBAX 


A.  B.  TyjiHH 

MocKoecKuu  zocydapcm eemibi u  ynueepcumem  mienu  M.  B.  JIoMonocoea 
(faKyjibmem  ebmucnumejibnou  MameuamuKu  u  KudepnemuKu 


Pace  m  aTp  h  BaeTca  KpaeBaa  3aaana  ana  ypaBHemra  xennonpoBoanocTH  c 
HeaoKajibHbiMH  rpaiiHHiibiMH  ycjiOBnaMH,  coaepacanmMH  napaMeTp  y>\.  CneKTp 
npocTpaHCTBeHHoro  ancJxftepeHUHajibHoro  onepaTOpa  conepncHT  codcTBeHHbie  3HaueHna  b 
jieBon  nojiyrraocKOCTH,  hto  o6ycjiOBJiHBaeT  ueycTOHHHBOCTB  aaaanH.  ffna 
annpoKXHMHpyiOLUHx  pa3HOCTHbix  cxeM  nonyueH  KpHTepnii  ycTOHHMBOCTM  b 
noanpocTpaHCTBax,  nopoacacnnbix  ycToimHBbiMH  rapMOHHKaMH. 

The  boundary  value  problem  for  the  heat-conduction  equation  is  considered  with 
non-local  boundary  conditions  containing  the  parameter  y  >  1 .  The  spectrum  of  the  spatial 
differential  operator  has  some  eigenvalues  in  the  left  half-plane,  that  causes  instability  of 
the  task.  For  the  corresponding  difference  scheme  the  criterion  is  formulated  of  stability  in 
subspaces  generated  by  stable  harmonics. 


P accMOTpHM  HanajibHO-KpaeByio  3aaany 
du__dfu  .  „  du 

dt  dx2 


0<x<l,  u(0,t)-0, 


y— (0,0  =  —(1,0, 
ox  ox 


(1) 
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me  y  -  saaamibin  BemecTBemibiM  napaMeTp.  Pa3H0CTHbie  cxeMbi  a-na  aaaawn  (1)  c 
y  =  1  nccjieaoBaji  H.  H.  Hohkhh  [1],  IIoapoOHbiH  o630p  pa6oT,  nocBamemibix 
pa3HOCTHbiM  MeTO^aM  pememia  3aaann  (1)  c  ye[-l,  l],  npnBeaeH  b  [2], 
npHHpHiiHaabHoe  OTJiHnne  ot  cjiynaa  y  =  ±1  coctoht  b  tom,  hto  CHCTeMa 
CoSCTBeHHbIX  (j)yHKIl,HH  OCHOBHOTO  pa3HOCTHOTO  OnepaTOpa  npH  Y  ^  ±lcOCTaBJiaeT 
6a3HC  b  npocTpaHCTBe  ceTOHiibix  (J)yHKu,HH.  HeycTOHHHBbie  pa3HOCTHbie  cxeMbi,  ana 
KOTOpbix  TOJibKO  oaho  coOcTBemioe  3HaneHne  pacnonoaceHO  b  jieBoii 
nonynjiocKOCTH,  paccMaTpHB anncb  b  [3],  B  HacToaipeM  aoxnaae  paccMaTpHBaeTca 
Becb  aHana30H  3HaneHHH  y>  1 .  ,Z],OKa3aH  KpHTepnii  ycToiniHBOCTH  pa3HOCTHon 
cxeMbi  b  noanpocTpaHCTBax,  nopo/Kaemibix  y  ctohhhbbimh  rapMOHHKaMH. 
AnnpOKCHMHpyeM  3aaany  (1)  aByxcjionHon  pa3HOCTHon  cxeMoii,  onpeaenaeMon 
napaMeTpaMH:  N  -  hhcjio  Tonex  no  npocTpaHCTBy,  h  =  l/ N  n  r—  inarn  no 
npocTpaHCTBy  n  BpeMeHH,  jc-t/Ii2,  a-  BecoBon  MHoaorrejib, 

a  =  ch^Mn|y  +  \Jy2  -ljj. 

Ochobhoh  onepaTOp  A  pa3HOCTHon  cxeMbi  onpeaenaeTca  xaK 

(Ay)i  =  -y-xJ ,  i  =  1,  2, . . . ,  N  - 1,  y0  =  0, 

2/  x 

(Ay)*  =  -^\yx,N  ~ryx,o)- 

CoScTBeHHbie  3HaneHna  Xk  (k  =  0,1,...,A-1)  onepaTOpa  A  pacnonoacnM  b 
nopaaxe  B03pacTaHna  aencTBHTenbHon  nacTH.  CwraeM,  hto  N  Kpamo  4.  BBeaeM 
aBe  cncTeMbi  nncen:  zk  =  { AnAirkli)  }^2  h  ak  =  { (1  -  2zk )”'  }Nk^] .  OnpeaennM 
KOMnneKCHoe  N-  MepHoe  npocTpaHCTBO  H ,  cocToaipee  H3  c[)yHKn,HH  yi  =  y(xi), 
3aaaHHbix  Ha  ceTice  [xi  =  ih}^=l .  Hapaay  c  H  oyaeivi  paccMaTpHBaTb 
noanpocTpaHCTBa  Hk(a),  npeacTaBJiaiomne  co6on  jinHeiiHyio  oSononicy 
coScTBeHHbix  BeKTOpOB  {//(/)  (X)  OTBenaioni,Hx  coScTBeHHbiM  3HaneHnaM 

^onepaTOpa  A.Hhcjio  k0(N)  -0.37 A273  +0.83,  (jmrypnpyiomee  b  TeopeMe, 
aBJiaeTca  KOpHeM  HeKOTOporo  TpaHCu,eHaeHTHoro  ypaBHeHna. 

TeopeMa  1.  IJycmb  a  &  [ak_vak]  dim  k  =  1,2,...,  A / 4  —  1.  Pa3Hocnmcm  cxeMa 
ycmomuea  e  nodnpocmpcmcmee  Hk  (a)  mozda  u  mojibKo  mozda,  Kozda 

(2<j-X)k+  (1  +  a) _1  >  0,  ecjin  *<[*»oo] « 

(2<j -V)K  +  \Y-a(l-2zk)\(.a-l  +  2zky2  >0,  ecjm  &>[fc0(AO]. 
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AIUlPOKCHMAIJHfl  BTOPbIX  H  CMEIHAHHblX  II PO  HI  BOO  II  BIX 
SBP  nOOXOOOM  HA  OCHOBE  HECHMMETPHHHbIX  nEPBbIX 

PA3HOCTEH 

JI.E.  OOBrHJIOBHH  ,  H.JI.  Co(J)pOHOB 

1M0TH  ( ry ),  MHlf  «UJjuoM6epjice», 

Idovgilovich  @  sib.  com 
' MHlf  «IUjuoM6epjfce», 
isofronov@  sib.  com 

Mbi  npeaaaraeM  obobmemie  SBP  noaxoaa  nyreM  BBeaemia  HecHMMeTpHHHBix 
onepaTopoB  b  (J)opMyjie  conpaacemia.  B  pe3yjibTaTe  pa3pa6oTaHa  nocjieaoBaTejiBHaa 
annpOKCHManna  CTapmnx  npousBoanbix  KOiienubiMH  pa3HOCTaMH  nepBBix  npon3Boanbix 
Ha  caBHHyTBix  union  oh  ax.  tlpeHiviymecTBa  nocTpoeHHBix  pa3HOCTHBix  cxeM 
npoaeMOHCTpHpOBaHO  Ha  3aaanax  o  pacnpocTpaHeHHH  ynpyrax  bojih. 

We  propose  generalization  of  SBP  approach  by  introducing  asymmetric  operators  in 
the  conjugation  formula.  As  a  result,  a  successive  approximation  of  higher  derivatives  by 
finite  differences  of  the  first  derivatives  at  the  shifted  stencils  is  developed.  Advantages  of 
proposed  difference  schemes  are  demonstrated  on  the  problem  of  elastic  waves  propagation. 

Mbi  paccMaTpHBaeM  3aaany  annpOKCHMau,nn  KoneHiiBiMH  paanocTHMu 
BBicoKoro  nopaaxa  tohhocth  np oh3b o^hbix  BHaa  ( aut )  ,  rae  a(x),  u[x)  - 

^ocTaTOHHO  rnaaKue  cjiyiiKUHH,  x  =  {xj.  3aaana  CTaBHTca  b  n ap a jui en e  11  h n ea e  Ha 

paBHOMepHoii  ceTKe,  ripuHCM  mbi  TpebyeM,  hto6bi  mabnoH  He  BBixonun  3a  npeaenBi 
rpaHHii,.  OaHO  H3  pemeHHH  btoh  3aaann  ocHOBaHO  Ha  npHMeHeHHH  SBP  noaxoaa  cm. 
1  h  2,  KOTOpBiii  no3BOJiaeT  nojiynaTB  ceMehcTBa  pa3HOCTHBix  cxeM,  Hacneayioiu,Hx 
CBOHCTBO  C a M O CO II p >K 6 II II O CT II  HCXOaHOrO  OnepaTOpa  npH  OaHOpOaHBIX  rpailMHIIBIX 
ycnoBHBx  0HPHXJie  h/hjih  HeiiMaHa.  3to  cbohctbo  aBJiaeTca  Ba'/KiiBiM  npH 
nOCTpOeHHH  yCTOHHHBBIX  pa3HOCTHBIX  M CTOHO B  pdHCHHa  3B0JIK)I1,H0HHBIX  3aaaH. 
BTOpoe  Hame  TpedoBamie  coctoht  b  HcnonB30BaHHH  nocjieaoBaTejiBHoii 
annpOKCHMau,HH  ana  ancKpeTH3au,HH  onepaTopoB  BTOporo  nopaaxa.  3to  03HanaeT, 
hto  onepaTOpBi  CTapmnx  npOH3BoaHBix  nojiynaiOTca  nocjieaoBaTejiBHBiM 
npHMeHeHHeM  pa3HOCTHBix  onepaTopoB  nepBoii  npOH3BoaHoii.  Taxon  noaxoa  k 
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^HCKpeTH3au,HH  flH(J)cj)epeHii,HajiBHbix  onepaTOpOB  MOixeT  6bitb  b Biropen  npH 
nOCTpOeHHH  aJirOpHTMOB,  3XOHOMHBIX  C  TOHKH  3peHHH  BBIHHCJIHTeJIBHBIX  peCypCOB. 

HenocpeflCTBeHHoe  npHMeHeHHe  SBP  no,nxo,na  npOBe^eHmi 

nocjie^OBaTejiBHOH  a n n p o k cm m a u  n  n  reHepHpyeT  pa3HOCTHBie  cxeMBi,  KOTOpBie 
aonycKaiOT  iiecJmmHiibie  pemeiiMH  runa  «nHJia»  ann  iHiiepooaHHecKHx  3  an  an 
(npoSneMa  neT-HeneT).  IIo3TOMy,  mbi  o6o6ih,hjih  SBP  nonxon,  hto6bi  mo>xho  6bijio 
nonynaTB  pa3HOCTHBie  cxeMBi,  He  n  o  n  n  e  p  >x  n  b  a  i  o  m  n  e  nHJioo6pa3HBie  pcmennH. 

BBe^eM  paBHOMepHyio  ceTxy  H3  N  Tonex  Ha  OTpe3xe  x  e  [0,1]  H  paCCMOTpHM 

Ha  Hen  ceTOHHBie  (j)yHxu,HH  w  =  } .  06o3HanHM  nepe3  (w,v)  cxajinpHoe 

npOH3Be^eHHe  b  Rn  c  bccom  H,  rne  H  -  HexoTOpaa  ^HaroHajiBHaa  MaTpHpa. 
MOflH(J)HU,HpOBaHHBIH  SBP  nOflXOA  COCTOHT  B  CHe#yiOIU,eM.  BbO^HM  £ Ba  CeTOHHBIX 
onepaTOpa  D  h  D  Taxne,  hto  ohh  annpoxcHMHpyiOT  nepByio  nponiBonnyio  bo 
Bcex  Tonxax  cctxh  h  ynoBJieTBOpmoT  ycjiOBHio  cyMMHpOBaHHn  no  HacTnM  (SBP) 

Vm,v  gRn \[u,D+v^h  +{d~u,v^  =unvn -MjVj.  Ecjih  nojimxHTB  D~=D  =D,  to 

nojiynHM  oSbimiyio  SBP  a rm p o k c n m a u n i o  Ha  ocHOBe  u,eHTpajiBHO-pa3HOCTHBix 
onepaTOpOB  nepBoii  npOH3BOflHoii  bo  BHyrpeHHHx  Tonxax  cctxh.  Ecjih  >xe  ctpohtb 
D+  n e c n  m m e t p n h  n b i m  o6pa30M,  HanpHMep  Ha  cnBHiiyTOM  Bnepen  uiaSaone,  to 
ynaeTcn  no^aBJiaTB  nnjiy  npH  coxpaHeHHH  ocTajiBHBix  nojie3HBix  cbohctb  SBP 
no^xofla.  B  nacTHOCTH,  HaMH  nojiyneHBi  KOiieHiio-paaiiocTiiBie  SBP  anupoKcnMaunn 
npOH3BO^HBIX  C  8-BIM  nOpa^XOM  TOHHOCTH  BHyTpH  OTpe3Xa  H  4-BIM  B  OXpeCTHOCTH 
rpaHHHHBIX  TO h e K . 

B  noxjiane  npencTaBJieHa  tco  pun  pa3pa6oTaHHoro  SBP  nonxona  Ha 
HecHMMeTpHHHBix  onepaTOpax  b  npnao'/xeiinn  x  BOJiHOBOMy  ypaBHeHHio, 
ripeaJiO/xeiia  paaiiocTiiaa  annpoxcHMau,Hx  a  Jin  ypaBiieunn  aHH30TponHOH  ynpyrocra 
3,  h  npHBe^eHBi  pe3yjiBTaTBi  hhcjichhbix  pacweTOB. 
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HHCJIEHHOE  MO/JEJIHPOBAHHE  nEPEHOCA  TEnJIA  B  IIJIA3ME 

r.B.  ^ojirojieBa 

MTIMum.  M.B.  Kejidbiiua,  MocKea;  Poccuh; 
dolgg@kiam.ru 

/loioiaa  nocBameH  MoaeanpoBaHHio  o^Horo  H3  BaacHenninx  (J)H3HHecKnx  nponeccoB 
npn  pacneTe  njia3Mbi  TepMoaaepHbix  m h in e h e h  -  nepeHOcy  Tenaa.  P ac c m axp HBaiOTca 
pa3JiHHHbie  npH6jiH>KeHHa  n  hx  cpaBiieHHe  Meacay  co6oh. 

The  report  focuses  on  the  simulation  of  one  of  the  most  important  physical  processes 
in  plasma  fusion-heat  transfer  targets.  Discusses  the  various  approximations  and  compare 
them  with  each  other. 

ITpH  pemeHHH  innpOKoro  Kpyra  3aaau,  b  nacTHOCTH,  3aaau  aa3epHon  naasMbi 
o/jHHM  H3  onpeaeamomnx  npopeccoB  aBaaeTca  nepeHOC  Tenaa.  ^aa 
MaTeMaTnnecKoro  onncaHna  npopeccoB  nepeHOca  Tenaa  name  Bcero  ncnoab3yiOT 
3aKOH  Oypbe  (aHc|)cj)y3Homioe  npnOanaceHne).  3to  npnOanaceHne  orpaiiHHHBaeTca 
MaabiMH  TeMnepaTypHbiMH  rpaanenTaMH.  C  poctom  rpaaneiiTa  TeMnepaTypbi  noTOK 
HeorpaHnneHHO  B03pacTaeT  n  npeBbimaeT  MaKCHMaabHbin  TenaoBon  noTOK.  ^aa 
KpyTbix  TeMnepaTypHbix  cJtpoiiTOB,  KOTOpbie  hmciot  MecTO  b  oSayuaeMbix  aa3epOM 
MnmeHax,  pe3yabTaTbi  MoryT  6bitb  nonyuenbi  nyTeM  Hucaennoro  pemeHna 
KHHeTnnecKoro  ypaBHeHna  OoKepa-naamca.  Ho  nocKoabKy  HHcaenno  pernaTb 
KHHeTnnecKoe  ypaBHeHne  -  3aaana  aocTaTOHHO  caoacHaa  n  rp0M03flKaa,  a  yneT 
npopeccoB  TenaonepeHoea  b  BbicoKOTeMnepaTypHon  naa3Me  Heo6xoanM,  to 
3anacTyio  b  pacneTax  ncnoab3yiOT  npnSanaceHHe  Oypbe,  MoaHtJtHnupya  pa3yMHbiM 
o6pa30M  BeaHHHiiy  noTOKa.  B  pe3yabTaTe  noaBaaiOTca  pasaHHimie  Moaeau  aaa 
onncaHna  npopecca  TenaonepeHoea,  yTOHHmomne  aH(J)(J)y3HOHHyK)  Moaeab. 
npocTeiimne  n  aoBoabHO  pacnpocTpaHeHHbie  Moaean  -  3to  MoancjDHKaitnn 
aHcJ)cJ)y3Honnoro  noTOKa  an6o  orpaiiHHHBaa  ero  MaKCHMaabHO  aonycTHMbiM 
noTOKOM  /l/,  an6o  ynnTbiBaeTca  HeaoKaabHbin  xapaKTep  TenaonepeHoea  121. 
JlionnaiiH  T.O.  n  Mopa  P.  npeaaoacnan  aaa  TenaoBoro  noTOKa  cjtopviyay,  KOTOpaa 
yuHTbiBaeT  HeaoKaabHbin  xapaKTep  TenaonepeHoea.  Hotok  yuHTbrnaeT  BanaH ne 
Bcex  Tonex  cncTeMbi  Ha  aaHHyio  TonKy  c  noMontbio  aapa,  3aBncan;ero  ot 
onTnnecKHx  cbohctb  cncTeMbi. 

B  paSoTe  paccMOTpeHO  HecKoabKO  npnSanaceHHH,  conocTaBaaiOTca 
pe3yabTaTbi  pacneTOB,  aHaaronpyiOTcn  noaoacnTeabHbie  n  OTpnn,aTeabHbie 
xapaKTepncTHKH  3thx  npH6nnaceHHH,  Bbiopano  onTHMaabHoe  npnSanaceHHe  KaK  c 
tohkh  3peHna  tohhocth,  TaK  h  BpeMeHH  cneTa. 
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JIOKAJIBHBIE  1 1  LOTPA'/KA IOIRM L  TPAHHHHME  YCJIOBHB 
AAH  /TffctKhEPEHTTff  A.JTEHETX  H  PA3HOCTHBIX  3A£AH 

JI.B.  ^OpOflHHUblH1 

1Mocko6ckuu  eocydapcmeeuubiu  ynueepcumem  UMeuu  M.B.  JIoMonocoea, 

dorodn  @  cs.  msu.su 

06cyacaaeTca  npoSneMaTHica  HCKyccTBeinibix  rpaiiHHiibix  ycnoBnii  npn  hhcjichhom 
MoaejinpOBaHHH  pa3nHLuibix  3  an  an.  H3Jio>KeHHe  unmocTpHpyeTca  npHMepaMH  H3  oSaacTH 
ra30B0H  aHIiaMHKH. 

We  discuss  the  topic  of  artificial  boundary  conditions  for  numerical  simulation  of 
various  problems.  The  presented  material  is  illustrated  with  examples  in  the  field  of  gas 
dynamics. 

Okojio  nojiOBHHti  npHKJiaaHbix  xanan  m aT e m ara h e ck o ii  c|)M3mkm  CTaBaTca  b 
HeorpaHnneHHBix  odnacTax.  Tunumibiu  npHMep  —  xanana  axpoau  naivi  u  wee  koto 
odTeicaHHa.  B  uenax  KOivinbiOTepnoro  MonenupoBanua  TpedyeTca,  KaK  upaBuno, 
uciioab30BaTb  ooaacTb  Konemioro  pa3Mepa.  TeM  caMbiM  mm  aonncHbi  ot  ucxoduou 
3adauu  nepeiiTH  k  pedyuupoeannou  3adaue.  3aTeM  b  odnacTH  BBoaHTca  ceTKa  n 
CTaBHTca  pa3HocnmaH  3 a c) ana. 

Hanunue  HCKyccTBeHHbix  rpaHnn,  ripuBoauT  k  OTpancemno  Bonn  BHyTpb 
ooaacTH.  PaanuHiibie  HceneaoBaTenH  donee  nonyBeKa  3aHHManncb  npooneMoti 
3aaaHna  eooTBeTCTByiomHx  ycnoBHH  Ha  TaKHx  rpammax,  h  6onee  30  neT 
cymecTByeT  nonaTue  HeoTpancaroiipix  rpanumibix  ycnoBHH.  B.C.  PadeiibKnu 
ccjDOpMynnpOBan  b  [1]  KOHn,enu,HK)  TOHHoro  nepeHoea  rpaHHHHbix  ycnoBHH  c 
SecKOHenHOCTH  Ha  HCKyecTBeHHyio  rpaimuy.  B  naunix  TepMHHax  mo>kho  CKa3aTb, 
hto  peayn,HpOBaHHaa  3aaana  aonama  hmctb  eanHCTBeHHoe  pemeHHe,  coBnaaaiomee 
c  pemeHHeM  HCxoaHoii  3aaann  b  npeaenax  orpaHHneHHOH  noaodnacTH.  IlpH 
nocTpoeHHH  neoTpa’/Kaiomcro  rpanumioro  ycnoBHa  cneayeT  HMCTb  b  BHay,  hto 
pemeHHe  pa3HOCTHoii  3aaann  HerodencHO  6yaeT  coaepncaTb  norpemHOCTb  BBHay 
aHCKpeTH3aU,HH. 

HeoTpaacammue  rpaHHHHbie  ycnoBHa  ana  nHHeiiHbix  aaaan  m aTe m ut u h e c k o ii 
cj3H3HKH  npeacTaBJiaiOT  co6oh  noKanbHbie  ypaBHeHHa  (anredpaHnecKHe  nnn 
HHc|)c})epeimManbnbie)  nu6o  HenoKanbHbie  (HHTerpanbHbie,  nceBao- 
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/jHcj)cj)epeimHajibiibie).  fliBecTiio,  hto  rjik  MHoroMepHoro  BOJiHOBoro  ypaBHeHHH 
HeB03M0>KH0  nocTpoHTb  jioKajibHoe  HeoTpa>KaioHi,ee  ycnoBHe.  HeaoKajibHbie 
rpaiiMHiibie  ycjiOBHH,  kbk  npaBHJio,  rpoMOsaKH,  peeypeoeMKH  h  TpyzjHO  no/maiOTCH 
napajiaejibHOH  peajnmpHH.  npHxo^HTca  /jenaTb  Bbihop  Me>Kfly  tohhmmh 
HejiOKajibHbiMH  h  npHoaH’/KemibiMH  aoKajibHbiMH  n e o Tp a >k a i o hi, h m m  y cjio bhhmh . 

Ecjih  rpaiiHHiioe  ycnoBHe  aBJiaeTca  iipMOHM/KeiiiibiM,  B03HHKaeT  npooaeMa  ero 
yCTOHHHBOCTH,  T.e.  KOppeKTHOCTH  nOCTaHOBKH  HauaJIbHO-KpaeBOH  pe^ypHpOBaHHOH 
3aaaHH  c  aaiiiibiM  rpaiiMHiibiM  ycaoBHeM.  Abtop  npHBO^HT  opHrHHaabHbie  npHMepbi 
aoKaaaTeabCTBa  y  cto  ii  h  m  b  o  c  t  m  rpaiiHHiioro  ycjiOBHH. 

PaaiiocTiiaa  Banana  TpehyeT  ciieunanbiiOH  no CTaHO bkh  rpaiiMHiibix  ycjiOBnn:  k 
Hen  He  Bcerna  npHMeHHMa  npocTaa  flncKpeTH3an,na  KOHTHHyajibHbix  rpaiiMHiibix 
ypaBHeHHH.  Kantian  HpooneiviaTMKa  OTHOCHTeabHO  Mano  ocBeuiaeTca  b  jinTepaType. 
B  3tom  KOHTeKCTe  HeoSxoflHMO  ynoMaHyrb  MeTon  pa3HOCTHbix  noTeHpnajiOB 
B.C.  PaSeHbKoro.  B  noKJiane  paecMaTpHBaiOTCH  nee  annpOKCHMau,HH  npocTenmero 
ypaBHeHHH  nepeHOca,  TpeSyiomne  hojibinero  KOJinnecTBa  rpaHHHHbix  ypaBHemm, 
neM  fln4)$epeHu,najibHaa  Monenb:  u,eHTpajibHO-pa3HOCTHaa  cxeMa  Ha  3-ToneHHOM 
maSjiOHe  h  BbicoKOTOHHaa  cxeMa  Ha  ninpOKOM  maSjiOHe,  npHMemieMaH  b 
BbiHHCJiHTejibHOH  aapoaKycTHKe.  IIpHBOflaTca  npHMepbi  nucKpeTHbix  KpaeBbix 
yCJIOBHH  RJ1X  3THX  exeM  H3  [2,  3]. 

HejiHHenHbie  nanaHM  b  penKMx  ejiynanx  aonycKaiOT  TOHiibie  i  ieoTpa>Kaiouine 
ycjiOBHa  h  He  no3BOJiHK>T  oueiiMBaTb  KanecTBO  npH03H>Keiiiibix  rpaiiMHiibix  ycjiOBHH. 
TeM  He  MeHee,  n-Jifl  OAHOMepHbix  ypaBHeHHH  3iiJiepa  h  nono6m>ix  rHnephojimiecKHx 
CHCTeM  B03M0/KII0  BblfleJIHTb  KJiaCC  TOHIIBIX  rpaiiMHiibix  ycjiOBHH  [2],  ^JIH 
HenHHeiiHbix  pa3HOCTHbix  rpaiiMHiibix  ycjiOBHH  aBTOpOM  pa3pa6oTaH 
MaTeMaTHHeCKHH  HHCTpyMeHT,  naiOUHlM  B03M0'/KM0CTb  HCCJie^OBaTb  HeKOTOpbie 
CBOHCTBa  ajiropHTMOB :  b  nacTHOCTH,  ohHapynceH  acjicjieKT  «HenpaBHJibHOH 
acHMnTOTHKH»,  ii  OHTBep  >KHae  m  bi  m  pacHCTaMM,  h  Mpeano'/Keiibi  cnoco6bi  ero 
yMeHbuieHHa. 

IIoKa3aHbi  npHMepbi  pacneTOB  ranoHM  i  iaivi m hcckmx  3anan  c  iieoTpa>Kaio lhm mm 
rpaHHHHbiMH  ycjiOBMHMM:  rayccoB  HMnyjibc  b  HByiviepiibix  jiHHeapH30BaHHbix 
ypaBiieiiMax  3iijiepa;  BHxpeBan  noponcKa  no3a^H  KBanpaTiioro  MMJiMiiapa  b  bh3kom 
ra3e. 
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PEry JLBPH30B  AHHBIE  YPABHEHHH  MEJIKOH  BO^BI 

MO^EJIHPOBAHHH  TIHIHMM  B  HEr JIYBOKHX  BO/JOEMAX 
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MocKoecKuu  cocydapcmeeHHbiu  ymieepcumem  UMenu  M.B.JJoMouocoea, 
(pusimecKiiu  cpaKyjibmem,  dombulatov@mail.ru 

B  paooTe  [1]  aBTOpaMH  6bin  npeanonceH  hobbih  hhcjichhbih  mctoh  nan  pacueTa 
TeaeHHH  /khhkocth  b  npudnHnceHHH  MoaeaH  MenKOH  Boaw  (MB).  B  nonHOM  TeKCTe  6yayT 
odcyncaaTbca  oco6chhocth  HHcnemroro  anropmrMa,  ero  TecTHpOBamre,  a  TaK>Ke  npHMepti 
peinem-ia  pa3HOo6pa3Hbix  saaan  b  npndnHnceHHH  MB. 

In  [1]  a  new  numerical  method  to  solve  shallow  water  equations  (SWE)  was 
proposed.  Numerical  algorithm  and  results  for  2D  cases  will  be  shown  in  the  presentation. 


HOBblii  HHCJieHHBIH  MCTOa  OCHOBaH  Ha  HCn0JIB30BaHHH  OCpeaneilHH  HCXOanbIX 
ypaBHeHHH  no  ManoMy  BpeMeHHOMy  npOMencyncy,  hto  npHBoaHT  k  noaBnemno  b 
Hcxoanbix  ypaBiiennax  perynaprrmpyiomnx  nooaBOK.  Hucnemibie  anropHTMbi 
6hh3koh  CTpyKTypbi,  ocHOBaHHbie  Ha  Hcnom»30BaHHH  KBa3Mra30HnnaiviMHecKnx  h 
KBa3HrnapoanHaMHHecKHx  ypaBHeHHH,  ycnemHO  npnivienanMCb  paHee  k  HHcnemiOMy 
MoaeanpOBaHHK)  mnpOKoro  Kpyra  TenemiH  ra3a  h  ncnaKOCTH  [2-4]. 

PeryjiapH30BaHHbie  ypaBiienna  MB  a  n  np  o  k  c  h  m  h  p  y  i  o  t  c  a  c  iiomoiubio 
HHTerpo-HHTepnojniitHOHHoro  MeToaa  c  Hcnojib30BaHHeM  u,eHpajibHO-pa3HOCTHbix 
annpOKCHMau,HH  ana  Bcex  npocTpaHCTBeHHbix  npoHSBoanbix,  b  Km  oh  an 
KOHBeKTHBHbie  cjiaraeMbie.  IIocTpoeHHbiH  anropHTM  npocT  ana  nporpaMMHpOBaHHa, 
3c[)c})eKTHBen  ana  pememin  HecTauHonapiibix  aanan,  yao6eH  ana  pacnapannenHBamin 
h  peanH3au,HH  Ha  HecTpyKTypHpOBaHHbix  cemcax.  B  HacToamee  BpeMa  3tot 
anropHTM  aaanTHpOBaH  ana  saaan  c  noaenncHOH  rpaiiHueii  3aTonneHHoii  30hbi  -  Taic 
Ha3biBaeMbix  aaaan  c  "cyxHM  hhom",  a  Taicnce  ana  aaaan  co  cnoncHOH  cjtopivioii 
noacTHnaKtHteii  noBepxHOCTH. 

^na  npocTOTbi  npHBeaeM  oaHOMepHbiii  BHa  perynnpH30Bamn>ix  ypaBHeHHH 

MB 
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dt  dx 
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B  flaHHoii  3anHCH  h(x,  t)  h  u(x,  t)  oSoanawaiOT  rjiySiuiy  /Kmakoctm  h  ee 
CKOpocTB,  b(x)  ajih  ripo(})Haa  ana,  f  HrpaeT  pojib  BHeiHHeii  chjibi  (cHJia  BeTpa,  CHJia 
KopHOJiHca,  CHJia  TpeHHa  o  aho),  g  -  ycKOpeHHe  cbo6oahoto  naaeHHa.  Chmbojiom  t 
o6o3HaneH  napaMeTp  peryjiapH3au,HH,  kotopbih  HMeeT  pa3MepHOCTB  BpeMemi.  B 
cjiynae  x  — >•  0  ypaBiiemui  c  aoSaBOHiiBiMH  HJienaiviM  upeBpamaiOTca  b  Ka acc h h ec khc 
ypaBHeHHa  MB.  ITpH  hhcjichhbix  pacHCTax  Ha  ceTKax  c  xapaKTcpiibiM  rnaroM  Ax 

napaMeTp  peryaapinamm  BBiHHCJiaeTca  kuk  t  =  aAx  /  yfgh  c  hhcjichhbim 
K03^)(J)HU,HeHT0M  0  <  a  <  1 . 

,Z],.jhi  HHCJieHHoro  MoaeJiHpOBaHHx  3aaan  c  "cyxHM  ahom"  HcnojiB3yeTca 
noAxoA,  CBH3aHHBiH  c  BeaeHHeM  napaMeTpa  OTcenemia  g  ji,jix  rjiySnHBi  jkhakocth  h. 
B  HHCJieHHOM  ajiropHTMe  CTaBHTca  ycjiOBne:  ecjiH  h  <  e,  Toraa  u  =  0  h  x  =  0;  HHane 
npOBOAHTCa  CTAHAapTHBIH  pacHCT. 

B  nojiHOM  TexcTe  Syayr  o6cy>KAaTBca  ocoSchhocth  hhcjichhoto  ajiropHTMa, 
ero  TecTHpOBaHHe,  a  THK/Ke  npHMepBi  pememia  pa3HOo6pa3HBix  saaaH  b 
npH6jIH5KeHHH  MB. 
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MHOrOCETOHHEIH  METO/f  /fflM  AHH30TP0HHbIX 
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MTIMum.  M.B.  Kendbiiua  PAH,  Mocks  a 

PaccMOTpeHa  npoSaeMa  pememia  aHH30TponHBix  pa3HOCTHbix  TpexMepHBix 
3  juiHnTHne  ckhx  ypaBHeHHH.  IIpeAJio>KeHa  3({)(J)eKTH  Biian  napajuiejiBHaa  peajiroauHa 
KJiaccHHecKoro  MHoroceTOHHoro  MeTOAa  P.I1.  OeAopeHKO  Ha  ochobc  Hcnojib30BaHHa 
hbhbix  HeSbimcBCKHx  HTepapHH  npn  pemeHHH  rpySocexoHHbix  ypaBHeHHH  h  Ha  3Tanax 
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crnaaoreaHHa.  Pa3pa6oTaHa  npoueaypa  aaanTauHM  craaacHBaTeaeii  k  aHrooipomiH,  h 
noKa3aHa  3(|)(|)eKTHBiiocTb  h  Mac LiiTa6Hpye moctb  napaaaeabHoro  Koaa. 

We  consider  the  problem  of  solution  of  anisotropic  elliptic  3D  difference  equations 
and  propose  an  efficient  parallel  implementation  of  the  classical  multigrid  of  R.P. 
Fedorenko.  The  algorithm  is  based  on  the  explicit  Chebyshev  iterations  for  solving  the 
coarsest  grid  equations  and  to  construct  smoothers.  We  develop  the  adaptive  smoothers  for 
anisotropy  problems,  and  show  that  the  multigrid  provides  efficiency  and  scalability. 

IIohck  napajuiejibHbix  aaropHTMOB  aKTyaneH  ana  3D  3aaan  npn  1 1 an it  h  it  it 
chjibhoh  K03c})c})MunenTnoH  hjih  ceTOHiiOH  aHH30TponHH.  CoBpeMeHHbie  TpeooBaiina 
k  aaropHTMaM  BKaionaiOT  HcnoaB30Bamie  riOTeimiTaaa  cynepKOMnbiOTepOB  ana 
MacmTaSHpyeMoro  MoaeanpOBaHHa  Ha  ceTKax  c  hhcjiom  y3JiOB  TV  — 1010. 
IIpeTeHaeHTOM  Ha  BbicoKyro  m ac  lht  a6  it  p  y  e m o  ctb  aBJiaeTca  MiioroceTOHiibiii  MeToa 
npn  ycjiOBHH  peajiH3au,HH  ero  3TanoB  Ha  npmntHne  aa  r  o  p  n  t m h h e ck o ii  npocTOTbi. 
IIpeaJio>KeHHbiH  HaMH  ajiropHTM  npeacTaBJiaeT  co6oh  peaaroaitmo  KJiaccHuecKoro 
MHoroceTOHHoro  MeToaa  P.I1.  Oeaopemco  Ha  ochobc  Hcnojib30BaHHa  aBHbix 
HeobimeBCKHx  HTepau,HH  npn  pemeHHH  rpySoceTomibix  ypaBHeHHH  h  Ha  3Tanax 
crjiajKHBaHHa. 

P accMOTpHM  b  KauecTBe  MoaeJiH  jiHHeiiHoe  saaHnTHHecKoe  ypaBHemre  b 
napajiaeaenHneae  c  KpaeBbiMH  ycnoBHaMH  I — III  poaa.  ,Z],eTajiH  nocTaHOBKH  3aaamr, 
aHCKpeTH3au,HH,  h  ap-  aaHbi  B  [1,  2],  ypaBHemre  c  yneTOM  KpaeBbix  ycaoBmr 
annpOKCHMHpyeM  npocTerrmerr  7-TOHeHHOtr  pa3HOCTHoir  cxeMoir  Ha  HepaBHOMepHoii 
aeKapTOBoir  ceTKe:  Ah  uh  =  fh ,  rae  Ah  -  caMOConpaacemrBffl  HeoTpHH,aTeaBHO- 
onpeaeaeHHbiH  oneparop,  cneKTp  KOTOporo  Amax\  -  0Tpe30K 

n  eoTp  h  uaTea  b  no  ii  noayocH.  HTepHpyrorrr,HH  onepaTOp  MiioroceTOHiioro  MeToaa  b 
aByxceTOHHOM  npeacTaBaeHHH  HMeeT  BHa:  Q  =  S p(I  - PA^RAh)S  ,  rae  AH  - 
onepaTOp  peaHCKpeTH3au,HH  Ha  rpy6oii  ceTKe,  P,  R,  Sp  -  onepaTOpbi 

it  i  iTep  n  oa a  hit  it  ,  npoeKTHpOBaHHa  h  craaacHBaHHH  eooTBeTCTBeHHO. 

MHornx  3aaau  xapaKTepHa  nocTaHOBKa  Bbipo'/Kaeiiiioii  3aaamr 
HeiiMaHa,  Koraa  nmeTca  pemeHHe  c  touhoctbio  ao  nporoBoaBHoro  nocToamroro 
caaraeMoro.  H3  ycaoBHa  pa3pemHM0CTH  Bbipo'/Kaeiiiioii  3aaauH  caeayeT,  hto  1  iy>Ki  10 
oSecneaHTb  opToroHaabHOCTb  HeBa3KH  aapy  ancKpeTHoro  onepaTOpa  Ha  KaacaoM 
ceTOHHOM  ypOBHe.  TpaaHTTHOHHbTH  cnoco6  coSaroaemrn  3Toro  ycaoBHa  coaepacHT 
raodaabiiyio  onepapmo  -  pacneT  CKaaapnoro  npOH3BeaeHHa,  hto  ciiHacaeT 
napaaaeabHyro  atjrcjreKTHBHOCTB.  IIoKa3aHO,  hto  aBTOMaTHnecKoe  oSecnenemre 
ycaoBHa  opToroHaabHOCTH  BbinoaHaeTca  npn  Hcnoab30BaHHH  onepaTOpa 
npoeKTHpOBaHHa,  conpaacemroro  onepaTOpy  HHTepnoanrtmr. 

CraaacHBaHHe  BbinoaHaeT  KaroneByro  poab  b  MHoroceTOHHOM  MeToae.  B 
KanecTBe  craaacHBaTeaerr  mbi  H3ynaeM  hbc  onepaTOpHBie  cjiyiiKmriT  ot  Ah  - 

MHoronaeH  HeSbimeBa  h  apo6HO-pau,HOHaaBHyro  (JryHKpHro,  nocTpoeHHyro  Ha 
ocHOBe  aBHO-HTepau,HOHHOH  cxeMBi  JIH-M  [3],  KanecTBO  craaacHBaHHa  3aBHCHT  ot 
3aaaHHa  rpaHHu,Bi  A*nm ,  pasaeaaromerr  cneKTpa  onepaTOpa  Ha  HH3KOHacTOTHyro  h 
BBicoKOHacTOTHyro  nacTH.  B  o6in,eM  caynae  3Ta  rpamrrta  Hen3BecTHa.  B  KanecTBe 
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npHMepa,  noKa3biBaioiH,ero  pont  3toh  rpamm,Bi  h  CBoiiCTBa  crnaacHBaTeneii,  Ha 
pHC.l  npHBe^eHBi  rpa(f)HKH  cneKTpOB  HeSbimeBCKoro  crnaacHBaTena  ( Cheb ),  3to 
MHoroHJieH  HeSbimeBa  CTeneHH  p  =  7 ,  h  3KBHBaneHTHoro  eMy  no  BbiHHcnHTenbHbiM 
3aTpaTaM  crnaacHBaTena  J1H-M  (L/M),  nocTpoeHHoro  c  noMombio  MHoronneHa 
He6bimeBa  CTeneHH  p-  4.  Y paranja  pa3aena  Xmin  BbiSpana  KaK  Xmin  =  Amax  /  40  h 


hhcjio  rnaroB  crnaacHBaHHa  onpeaeneHO  H3  ycnoBHa  yMeHbineHHa  HOpMbi  HeBa3KH 
Ha  BbicoKonacTOTHOH  nacTH  BneTBepo  h  B^Boe  ana  crnaacHBaTeneH  Cheb  h  LIM 
COOTBeTCTBeHHO.  XopOUIO  BH,7THO  KaneCTBCHHOe  pa3JIHHHe:  He6bIHieBCKHH 
crnaacHBaTent  racHT  b bico KOHacTOTi  i  bie  KOMnoHeHTbi  neBasKM  paBHOMepHO  Ha 

ynacTKe  [A*nin,  \iax],  a  crnaacHBaTenb  JIH-M  CTapmue  Moam  racHT  CHJibHee. 


Lmin  =  Lmax  /  40 


Phc.1  CrnaacHBaTejiH:  HeObimeBCKHH  (p  =  7)  h  JIH-M  (p  =  4)  npn 


XL.  =  X 


/  40 


Hoboh  HaeeH  aBJiaeTca  aaanTaijHa  crnaacHBaTeneH  k  aHH30TponHH  b  xoae 
MHoroceTOHHbix  HTepaunH.  IloKa3aHO,  hto  aaanTauna  oSecneraiBaeT 
3(|)(|)6KTHBHOCTb  MHoroceTOHHoro  MeToaa  h  MacniTaSHpyeMOCTb  napannejibHoro 
Koaa.  IIpHBeaeHbi  pe3yjibTaTbi  pacneTOB  Ha  cynepKOMnbiOTepax  K-100  KQM  hm. 
M.B.Kejiabima  PAH,  «JIomohocob»  MrY  hm.  M.B.JIoMOHOCOBa,  noaTBepncaaiomHe 
pa6oTOcnoco6HOCTb  anropHTMa.  06o6m,eHHe  Ha  27-TOHeran.ie  ancKpeTH3au,HH,  a  b 
nacTH  crnaacHBaTeneH,  h  Ha  apyrne  cxeMbi,  npeacTaBnaeTca  oneBHara>iM.  ,Z],eTani>Hoe 
HHCJieHHoe  HCCJieaoBaHHe  cbohctb  nocTpoeHHoro  anropHTMa  aaHO  b  [1H2]. 
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METO/J  nOCTPOEHHfl  YIIPOmEHHblX  HEJIOKAJIbHbIX 
HCKYCCTBEHHMX  I  PAHHMHhlX  YCJIOBHH 

1  12 

H.A.  3aBbHJioBa  ,  C.B.  Ytkukhhkob  ’ 

1  MocKoecKuu  (pu3UK0-mexmmecKuu  uncmumym  (eocydapcmeenubiu  ymieepcumem)  - 

ffojizonpydubiu,  Poccuh, 
natalia.zavyalova@  gmail.  com 
' The  University  of  Manchester,  UK, 
S.Utyuzhnikov@manchester.ac.uk 

IIpeanoaceH  MeToa  nocTpoeHHa  HeaoKaabHbix  rpaiiHuiibix  ycaoBnii  Ha 
HCKyccTBeHHoii  rpamme.  OcHOBHaa  h aea  coctoht  b  nocTpoeHHH  onepaTOpa  nepexoaa  ot 
ycnoBnii  flHpHxne  Ha  HCKyccTBeHHoii  rpaiiHue  k  ycaoBHaM  Heniviaua.  IIoKa3aHa 
cxoaHMOCTb  nojiyneHHoro  pememia  k  TOHHOMy  npn  yaaaeHHH  HCKyccTBeHHoii  rpaHHu,bi. 
Mexou  anpooHpoBan  Ha  npmviepax. 

A  method  for  constructing  nonlocal  boundary  conditions  on  an  artificial  boundary  is 
introduced.  The  main  idea  consists  in  constructing  DtN-map.  The  convergence  of  obtained 
solution  to  the  exact  solution  as  the  artificial  boundary  moves  to  infinity  is  showed.  The 
method  is  tested  on  a  number  of  examples. 

3aaann,  peinaeMbie  b  decKOHenHOM  npocTpaHCTBe,  B03HHKaiOT  bo  MHornx 
odaacTax  (J)H3hkh:  cjtnanKa  TBepaoro  Tea  a,  (JmxuKa  naauivibi,  aapo-  n  ruapoaunaMUKa, 
3aeKTpoanHaMHKa  n  MHorne  apyrne.  flpn  uncneunoivi  MoaeanpOBamiH,  KaK 
npaBnao,  Moryr  ncnoab30BaTbca  ToabKO  orpaiiMHemibie  odnacra.  floaTOMy 
B03HHKaeT  npodaeivia  KOppeKTHoii  nocTaHOBKH  rpanuunbix  ycaoBnii  Ha 
HCKyecTBeHHOH  rpaHnn,e  [1,  2]. 

KaK  yKasbiBaeTCH  b  [2]  TOHiibie  HCKyccTBeHHbie  rpanuHimie  ycaoBna  aoaacHbi 
6bitb  HeaoKaabHbiMH  no  BpeMeHH  h  no  npoeipaHCTBy.  CymecTByeT  paa  noaxoaoB  k 
nocTpoeHHK)  aoKaabHbix  ncKyccTBeHHbix  rpanuunbix  ycaoBnii,  KOTOpbie 
3HannTeabHO  6oaee  npocTbi  b  peanroaiinn,  ho  bhocht  cymecTBeHHyio  onindKy  b 
pemeHne,  KOTOpyio  caoacHO  oitemiTb  3apaHee.  B  aauuoh  padoTe  u pea n p n n n iviaeTca 
nonbiTKa  nocTpoeHna  HeaoKaabHbix  ncKyccTBeHHbix  rpanuunbix  ycaoBnii, 
aocTaTOHHO  npocTbix  ana  peaan3au,nn  [3], 
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PaccMaTpHBaeTOi  an(|)(J)epeHii,HajibHoe  ypaBHeHHe 

Lv  =  f, 

rae  L  -  jiHHeiiHBiH  c a m o  co  ri  p  a  >k  e  ii  ii  b  i  ii  HHrjxJiepenmia.nbnLiH  onepaTOp  BTOporo 
nopaaica.  ffia  3Toro  ypaBiieima  Ha  ncKyccTBemiOH  rpainme  BHyrpeHHen  oSaacTH 
M05KH0  nOCTpOHTb  TpaHHHHOe  yCJIOBHe  BHaa 

dv  _  dw 
dn  dn  ’ 

rae  w  -  pemeHHe  oaHOpoaHoii  saaaHH  bo  BHeniHen  ooaacTH  c  eamiHHiibiM 
rpaHHHHbiM  ycaoBHeM. 

HccaeaoBajiacb  exoanMOCTb  nojiynemioro  pememia.  IloKa3aHO,  hto  HOpMa 
pa3HHu,bi  TOHiioro  h  npH6aH>KeHHoro  peuieHHH  CTpeMHTca  k  HyjiK),  npH  CTpeMJieHHH 
k  SecKOHenHOCTH  noao'/KeiiMH  rpaHHpbi  oSaacTH  h  HeKOTOpbix  aonojiHHTeabHbix 
ycjiOBHax  Ha  peniemie. 

Pa6oTOcnoco6HOCTb  MeToaa  npOBepanacb  Ha  pa3JiHHHbix  npHMepax,  b 
KOTOpbix  onepaTOp  L  cooTBeTCTBOBaji  onepaTOpy  T ejibMrojibpa. 

PaSoTa  noaaep>KaHa  rpaHTOM  IlpaBHTejibCTBa  P<F  no  nocTaHOBJieHHK)  N°220 
«0  Mepax  no  npHBJieneHHio  Beaymnx  yneiibix  b  poccnncKne  o6pa30BaTejibHbie 
ynpOKaemia  Bbicmero  npocjieccHOHajibHoro  o6pa30BaHHa»  no  aoroBOpy 
N°1 1.G34. 3 1.0072,  3aKjnoHeHHOMy  Me>Kay  MmincTepCTBOM  o6pa30BaHHH  h  HayKH 
PO,  BeayTiTHM  ynenbiM  h  Mockobckhm  c})  mi  h  ko  -tcx  ii  m  h  ec  k  m  m  HHCTHTyroM 
(rocyaapCTBeHHbiM  yHHBepcnTeTOM) . 
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3.  Utyuzhnikov  S.V.  //  Computers  and  Fluids.  2009.  Vol.  38.  Pp.  1710-1717. 
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«A  method  for  constructing  simplified  nonlocal  artificial  boundary  conditions)) 
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/JBYXCETOHHMH  METO/J  3JIJIHIITHHECKOH  3  ATI  AH  M 

C  norPAHHHHBIMH  CIOMMM 

A.H.  3aaopHH 

Omckuu  (pujiuan  Oedepajibnoeo  eocydapcmeennoeo  djodotcemnoeo 
ynpeotcdenuH  uaymi  Mncmumyma  MameuamuKu  um.  C.JI.  Codoneea  CO  PAH, 

P occur,  zadorin  @  ofim.  oscsbras.  ru 

HccneayeTca  aByxceTOHHbiii  MeToa  pemeHHa  jinHeiiHoro  3JuinnTuuecKoro 
ypaBHemia  c  norpaiiHHiibiMH  caoaMn  Ha  paBHOMepHOii  h  Ha  crymaiomeHca  b  norpamiHiibix 
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cnoax  ceTKax  ana  yMeHbmeiiHH  BbiHHcaHTeabiibix  3aTpaT.  B  jjByxceTOHiiOM  NieToae 
pememie  cxeMbi  HaxoanTca  Ha  HByx  ceTKax,  hto  no3BOJiaeT  noBBicmB  tohhoctb  Ha  ochobc 
Meroaa  PmapacoHa.  OdcyacaaiOTca  pe3yjibTaTbi  HHcneHHbix  3KcnepnMeHTOB. 

Two-grid  method  for  linear  elliptic  equation  with  boundary  layers  on  uniform  and  on 
dense  in  boundary  layers  meshes  is  investigated.  Such  method  reduces  the  calculative 
efforts.  In  two-grid  method  solution  of  the  difference  scheme  is  constructed  on  two  meshes, 
it  can  be  used  in  Richardson  method  to  increase  the  accuracy  of  the  difference  scheme. 
Numerical  results  are  discussed. 

Kaic  H3BecTHO,  KJiaccHuecKHe  pa3HOCTHBie  cxeMBi  He  oSnaaaiOT  cbohctbom 
paBHOMepHOH  cxo^hmocth  b  cjiynae  3JiJiHnTHuecKoro  ypaBHeHHa  c  MaatiM 
napaMeTpOM  npH  CTapmnx  npOH3BO^HBix.  OSecnemiTB  paBHOMepHyio  no  napaMeipy 
cxo^hmoctb  pa3HOCTHOH  cxeMBi  mo'/Kiio  crymeHHeM  ceTKH  b  riorpaiiMHiibix  cjiohx 
hjih  noflroHKoii  cxeMBi  k  norpaHCJioiiHOH  cocTaBJiaionteH.  B  o6ohx  cjiynaax 
pa3HOCTHaa  cxeMa  aBJiaeTca  naTHTonenHOH  h  HaiiTH  ee  pemeHHe  mo>kho  Ha  ocHOBe 
HTepau,HH.  HeoSxo^HMoe  KOJinnecTBO  HTepapHH  mo>kho  yMeHBmHTB,  ecjin 
HcnojiB30BaTB  anyxceTOHiiBiH  mctoh.  Torn  a  npeaBapHTejiBHBie  HTepau,HH  aeaaiOTca 
Ha  BcnoMoraTeaBHOH,  6onee  rpySoii  ceTKe.  ,E(ajiee  HanajiBHoe  npHSjiHaceHHe  ana 
HTepau,HH  Ha  hcxo^hoh  ceTKe  ctpohtch  KaK  HHTepnojiau,Ha  naiiaennoro  pcmenua  Ha 
BcnoMoraTejiBHon  ceTKe. 

B  cnynae  cmiryaapno  B03Mym,eHH0H  3aaann  aByxceTomiBiM  mctoh  aon>Ken 
yuHTBiBaTB  HajiHune  norpaHHHHBix  cnoeB  h  paHee  iiohth  He  HCCJieaoBajiea,  otmcthm 
[1],[2],  B  paSoTe  paccMaTpHBaeTca  cneayiomaH  3aaana: 

suxx  +  suyy  +  a(x)ux  +  b(y)uy  -  c(x,  y)u  =  f(x,  y),  (x,  y)  eQ, 

u(x,y)  =  g(x,y),(x,y)cT,  Q==(0,l)2,r  =  5Q.  (1) 

IIpeanojiaraeTca,  hto  (jiyHKii,HH  a,b,c,f,g  — aocTaTOHHO  rnaaKHe, 
a(x )  >  a  >  0,  b{y)  >  ft  >  0,  c{x,  y)  e  (0,1]. 

IIpH  ManBix  3HaneHHax  napaMeTpa  8  pemeHHe  3aaann  (1)  HMeeT  peryjiapHBie 
norpaHHHHBie  cjioh  y  rpamm,  x  =  0,  y  =  0. 

OcTaHOBHMca  Ha  cjiynae  paBHOMepHOH  ceTKH.  B  cjiynae  perynapHBix 
norpaHHHHBix  cnoeB  cxeMa  3KcnoHemi,HajiBHOH  noaromcH  oSnaaaeT  cbohctbom 
CXOaHMOCTH,  paBHOMepHOH  nO  £.  Ot  HHTepnOJiapHOHHOH  cj)OpMyjIBI  TaK  5Ke 
HeoSxOaHMO  TpeSOBaTB  TOHHOCTH,  paBHOMepHOH  nO  £.  TaKHM  CBOHCTBOM  He 
oonanaiOT  nojiHHOMHanBHBie  HHTepnonaitHOHHBie  (JtopMyjiBi,  npHMeHeHHe  kotopbix 
b  aByxceTOHHOM  MeToae  npHBoaHT  k  HCKaacemiio  HaiiaeHHoro  Ha  BcnoMoraTejiBHoii 
ceTKe  pcmenua,  Toraa  TepaeTca  npeHMymecTBO  anyxceTOHnoro  lYieToaa  b 
BBiHrpBime  b  KOJinnecTBe  ap h (}) m cth h ec k h x  aeiiCTBim.  ^jih  cjiyiiKHim  asyx 
nepeMeHHBix  c  norpaHCJioiiHBiMH  c  o  c  Ta  b  a  a  i  o  m  h  m  h  nocTpoeHBi  HHTepnojiaitHOHHBie 
4)opMyjiBi,  TOHHBie  Ha  3thx  cocTaBJiaiomHx.  IIojiyHeHBi  ohciikh  norpemHOCTeii 
nocTpoeHHBix  (|)opMyji,  paBHOMepHBie  no  £.  IIojiyHeHa  oueiiKa  BBinrpBima  b 
KOJiHuecTBe  apHcjtMeTHHecKHx  aencTBHH  npn  npHMeHeHHH  aByxceTOHHoro  MeToaa. 

HanSojiBrnee  pacnpocTpaHeHHe  npn  pememm  CHHryjiapHO-B03Mym,eHHBix 
aanau  nojiyHHJi  iioaxoa,  HcnojiB3yiom,HH  crymemie  ceTKH  b  norpaHHHHBix  cjiohx.  B 
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paooTe  HCcaeaoBan  aByxceTOHiibiH  mctoh  flJia  aa/tann  Buna  (1)  b  caynae,  Koraa 
paanocTiiaa  cxeMa  ctpohtch  Ha  ceTKe  UlHHiKHHa.  B c ri o m o  r  aT  emu  i  aa  ceTKa 
IIlHHiKHHa  BJioaceHa  b  HCxoaHyio.  IloKa3aHO,  hto  b  3tom  cjiynae  norpeniHOCTB 
cj)opMyjiBi  aByMepHOH  jiHHeiiHOH  HHTepnojiau,HH  paBHOMepHa  no  s.  IIpH 
npHMeHeHHH  aByxceTonHoro  MeToaa  pemeHne  pa3HOCTHOH  cxeMti  H3BecTHO  Ha 
aByx  ceTKax,  hto  npeflJiaraeTca  HcnojiB30BaTB  ana  noBBmieHHH  tohhocth 
pa3HOCTHOH  cxeMti  Ha  ocHOBe  MeToaa  3KCTpanojiau,HH  PHnapacoHa.  IIpOBeaeHBi 
HHCJieHHBie  3KCnepHMeHTBI,  nOaTBepaHBHIHe  KaK  BBIHTpBIHI  B  KOJIHHeCTBe 
apH(J)MeTHHecKHx  aeiiCTBHH  npH  npHMeHeHHH  aByxceTOHHoro  MeToaa,  Tax  h 
3^)(J)eKTHBHOCTI)  npHMeHeHHH  MeTOaa  PHHapaCOHa. 

PaSoTa  BtmojiHeHa  npn  noaaepncKe  npoeicra  POOH  (rpaHT  N°  1 1-01-00875)  h 
npoeicra  OMH  PAH  3.2  (2012). 
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YCEHEHHME  YCJIOBHH  nOJIHOH IIP03PAHH0CTH 
HA  OTKPBITBIX  EPAHHTTAX  B  lOOTPOmiMX  CPE^AX 

H.A.  3aiiueB 

HTIMum.  M.B.  Kejidbitua  PAH,  Mocnea 
zaitsev  @  Keldysh,  ru 

npHBeaenbi  (fopMyabi  YceHeiiubix  Ycjiobhh  nojmoh  IIpo3paHHOCTH  (YYIin)  ana 
H30TponHon  ynpyron  cpeati  ana  Bcex  rpaHnu  TpexMepHon  ooiiacTH,  npeaaoaceHa 
MeToanKa  m o a n (J) h k a u, h h  yynn  Ha  pe6pax  h  b  BepniHHax  pacneTHoh  ooaacTH, 
npeaaoaceHa  pa3HOCTHaa  cxeMa  ana  pacneTa  YYIin,  npoBeaeHO  cpaBHemie  YYIin  c 
xapaKTepncTHHecKHMH  rpaHHHHbiMH  ycaoBHaMH,  HCcaeaoBana  3aBHCHMOCTB  aMmurryziBi 
OTpaaceHHOH  bojihbi  ot  pa3Mepa  pacneTHOH  oSaacTH. 

Formulas  for  Truncated  Transparent  Boundary  Conditions  (TTBC)  for  isotropic 
media  are  presented  for  all  boundaries  of  3D  computational  domain.  A  method  for 
modification  of  the  TTBC  at  edges  and  vertexes  of  computational  domains  and  the 
corresponding  finite-difference  scheme  are  suggested.  The  TTBC  are  compared  to  known 
characteristic  boundary  condition.  Dependency  of  amplitude  of  the  reflected  wave  on  size  of 
the  computational  domain  is  investigated. 
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ripe^JiO'/Kennbie  b  [1]  rpaiiHHiibie  ycnoBHa  Ha  OTKpbiTbix  rpamnjax  pacneTHOH 
oSnacTH  MO'/Kiio  paccMaTpHBaTb  Kaic  ycewemibie  ycnoBHa  nonHoii  npoapamiocTH 
(yynn),  KOTOpbie  nojiynaiOTCfl  H3  tohhbix  ycjiOBHH  nojiHoii  np03panH0CTH  [2,  3] 
OTSpacbiBaHHeM  HenoicajibHOH  nacra  onepaTOpa. 

B  nacToameH  padoTe  npeanoaaraeTca,  hto  b  OKpecTHOCTH  OTKpbiToii  rpannubi 
pacneTHoii  odnacTH  h  Bcioay  BHe  ee  pacnpocTpaHeHHe  bojih  onncbiBaeTca 
ypaBHeHHaMH  JlaMe: 


<92u 


P 


( A.  +  p )  grad  di  v  u  +  pAu 


c  nocToaHHbiMH  K03(|)(|3Hu,HeHTaMH  JlaMe  Ah  //,  rae  u  =  {ux,u2,uX  —  BeKTOp 
nepeMemeHHH.  Torn  a  ana  rpaHHpbi  xn  =  const  yynn  mojkho  3anHcaTb  b 


cneayiomeM  BHae: 


5u 


du 


ar “  +  B„,i  tt-  +  B 


<9u 


/-«, ,  n, i  n, 2  n.o 

ot  ox1  ox2  dx 

^jui  pedpa  pacneTHOH  odaacTH,  o6pa30BaHHoro  rpannuaMH  xn  =  const  h  xm  -  const , 
ynn  (l)  Moan(J)HH,HpyeTCfl  cjieayiomHM  o6pa30M: 

du 


-f  B 


<9u 


71,3 


=  0. 


(1) 


— +  B  ^  +  B  - 

n,n  ^  m.m  ^ 

Ot  ox„  ox. 


=  0. 


npOBeaeHO  cpaBHeHHe  yynn  c  xapaKTep MCTM hcckh m h  ycnoBHAMH  BHaa 

— +  B  “=0, 

dt  n'n  dx„ 


(2) 


H3BecTHoe  b  jiHTepaType  Kaic  ycaoBHe  KjieHTOHa-3HKBHCTa  nepBoro  poaa  (cm., 
HanpHMep,  [4]).  n3  pncyHKa  1  BHaHO,  hto  OTpaaceHHe  ot  rpaHHu,  c  yynn 
3HaHHTeabHO  MeHbuie. 


Phc.  1.  Bbixoa  ccj)epHHecKOH  bojthbi  H3  KydHHecKoii  odnacTH:  t  =  0.6  (cneBa)  h 
t  =  0.8  (cnpaBa).  Ha  npaBOH  rpamipe  xapaKTepHCTHHecicoe  ycnoBHe  (2),  Ha 

ocTaubHbix  rpaHHpax  yynn. 


12 
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IToKa3aHO,  hto  npH  yBexiMHenuM  pa3Mepa  pacneTHOH  oonacxM  aMiuiHTyaa 
OTpa>KeHHOH  ot  rpamm,  c  yynn  bojihbi  SbiCTpo  ySbiBaeT  (b  npoBeaemibix  pacnexax 
npH  yBejiHneHHH  pe6pa  pacneTHoro  xy6a  b  2  pa3a  oinnSica  ySbiBaeT  npHMepHO  b  10 
pa3). 

,Z],jih  HHcaemiOH  peanH3au,HH  yyiTIT  Hcnojib30Bajiacb  aBiiaa  cxeMa  BTOporo 
nopa/jKa  annpoKCHMauHH,  b  KOTOpoii  npeanoaaraaocb,  hto  rpamm,bi  oSaacTH 
npoxo^HT  nepe3  nojiypeabie  tohkh  cexKM. 

PaOoTa  mwiep}KaHa  POOH  (rpaHTbi  N2I 1-01-001 14  h  N2  13-01-00338). 
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HHCJIEHHBIE  METO/JBI  C  JIMCKPE  TIIMMM  I1P03PAHHBIMH 
EPAHHHHBIMH  YCJIOBHflMH 
J\J\5i  HECTAU,HOHAPHOrO  YPABHEHHfl  TIIPEJTHHrEPA 

A.A.  3jiothhk  ,  H.A.  3jiothhk“ 

!H HY  Bbiciuan  tuKOJia  okohomuku  -  Mocks  a,  P  occur, 
azlotn  ik2 008 @  gma  il.  com 

2  v/ 

HMY  Mockosckuu  duepeennmecKuu  uucmumym  -  Poccur, 
ilya.zlotnik@gmail.com 

Jfjia  peweiiHfl  HecTaunoHapHoro  ypaBHeHna  UIpeaHiirepa  b  HeorpaHHHeHHbix 
odjiacTax  nocTpoeHbi,  HCCJieaoBaiibi  n  anpoSnpOBaHbi  HOBbie  3(})(})eKTHBHbie  HHCJieHHbie 
MeToabi  c  ancKpeTHbiMH  npo3paHHbiMH  rpaHHHHbiMH  ycnoBnaMn:  MK3  moGoro  nopaaxa  b 
cjiynae  npaMoii  h  iviexoa  c  pacmenaeiiHeM  no  noxemmajiy  b  cjiynae  noaocbi. 

For  solving  the  time-dependent  Schrodinger  equation  in  unbounded  domains,  new 
effective  numerical  methods  with  discrete  transparent  boundary  conditions  are  constructed, 
studied  and  tested:  FEM  of  arbitrary  order  in  the  case  of  the  axis  and  a  splitting  in  potential 
method  in  the  case  of  a  strip. 


Distribution  A:  Approved  for  public  release;  distribution  is  unlimited. 


67 


ypaBHemie  LLfpeawirepa  iirpaeT  BaacHyro  ponB  bo  mhothx  ooaacaax  (J)h3hkh, 
h  nacTO  ero  HeoSxoanMO  HHcaemio  peniaTB  b  HeorpaHHneHHbix  oSaacTax.  C  3toh 
penBK)  HcnojiB3yiOT  npuSaHacemibie  npoipamibie  rpaiiMHiibie  ycaoBHa  (IirY)  Ha 
HCKyccTBeHHbix  rpainmax  [1],  K  nncay  ayniHHx  H3  hhx  OTHoeaTca  ducKpemiiue 
nry  (Xtnry):  aaa  hhx  OTpaaceHna  ot  HCKyccTBeHHbix  rpaHHu,  nojiHOCTbio 
OTcyTCTByiOT,  BbiHHCJieHHa  ycTOHHHBbi,  a  m aTe m aT h h ec Kaa  ocHOBa  npospanna  h 
n03B0JiaeT  CTpOHTb  CTpOryiO  TeOpHIO  yCTOHHHBOCTH  MeTO^OB. 

B  flaHHOH  paSoTe  aaa  oSoSmemioro  HecTapnoHapHoro  ypaBHeHHa 
IIIpepHHrepa  paccMOTpeHbi  3aaana  Kohih  Ha  npaMoii  h  HanaabHO-KpaeBaa  3aaana  b 
nojioce.  B  caynae  n  pa  mom  Haynen  pByxcjioiiHbiH  c  n  m  m  e  t  p  m  h  ii  b  i  m  (rana  Kpanra- 
HHKOJibcoH)  no  BpeMeHH  h  MK3  aioSoro  nopaaxa  Ha  kohchhom  OTpe3Ke  no 
npocTpaHCTBy  HHCJieHHbiH  MeTop  c  J\UTY  [2,3].  Aaa  Hero  poica3aHa  paBHOMepHaa 
no  BpeMeHH  yCTOHHHBOCTb  B  HOpMe  L,  HB  3HepreTHHeCKOH  HOpMe  no  OTHOHieHHK)  K 
HanajibHbiM  aamibiM  h  CBoSoanoMy  naeny.  Aaa  BbiBopa  /T,TTry  H3ynen 
BcnoMoraTejibHbiH  MeToa  Ha  SecKOHeaHOii  ceTKe  Ha  npaMoii  h  aaa  Hero  poKa3aHa 
yCTOHHHBOCTb  h  BbiBeaeiibi  3aKOHbi  coxpaHeHHa;  /T^TTry  no3BOJiaiOT  peaymipoBaTb 
ero  pemeHHe  Ha  KOHeHHbiii  0Tpe30K.  HeaoKanbHbiii  onepaTOp  Sref  b  /T^TTry 

npepcTaBJiaeT  co6oh  pncKpeTHyio  CBepTKy  no  BpeMeHH,  aapo  KOTOpoii,  b  cbokd 
onepepb,  aBaaeTca  KpaTHoii  pncKpeTHOH  CBepTKoii  nocneaoBaTeabHOCTeH, 
BbipaacaeMbix  nepei  MHoroHaeHbi  JleacaHapa.  3to  aapo  3c|)c|)eKTHBno  BbinncaaeTca  c 
noMon;bK)  6biCTporo  pncKpeTHoro  npeo6pa30BaHHa  Oypbe  (B/^TTd)).  BbinoaHeHHbie 
HHcaeHHbie  3kc nepHMeHTbi  naraaano  neiYioncTpupyiOT  BbicoKyio  pe3yabTaTHBHOCTb 
Hcnoab30BaHHa  MK3  BbicoKoro  nopapica  c  /T^TTry,  b  tom  ancae  npn  pacneTe  cnabHO 
ocn,HaaHpyiOHi,Hx  pemeHHH  h  pa3pbiBHOM  noTeHimaae. 

BHcaemibie  MCToabi,  oobihiio  Hcnoab3yeMbie  b  caynae  noaocbi,  aBaaiOTca 
HeaBHbiMH.  IlpH  hx  peaaroaimH  Ha  KaacaoM  caoe  no  BpeMeHH  B03HHKaiOT 
cneu,HaabHbie  KOMnaeKCHbie  cncTeMbi  HHHeiiHbix  aareopaHHecKHx  ypaBHeHHH,  aaa 
KOTOpbix  3(J)(j)eKTHBHbie  MCToabi  peuieHHa  noxa  He  pa3pa6oTaHbi.  C  apyroii 
CTOpOHbi,  aaa  ynpomenna  peaaH3au,HH  xoporno  H3BecTHa  TexHHKa  pacmenaemia  no 
(j)H3HHecKHM  npopeccaM. 

B  paSoTe  nocTpoeHO  CHMMeTpH30BaHHoe  pacmenaeHHe  no  noTeHipiany  rana 
CTpeHra  aaa  aByxcnoiiHOH  CHMMeTpHHHOH  cxeMbi  [4].  Aaa  noayHemiOH 
TpexniaroBOH  cxeMbi  c  /T^TTry  aoxasaHa  paBHOMepHaa  no  BpeMeHH  yCTOHHHBOCTb  b 
HOpMe  L, .  Aaa  BbiBoaa  /T^TTry  paccMOTpeHa  BcnoMoraTeabHaa  cxeMa  c 
pacmenaeHHeM  no  noTeHimaay  Ha  SecKOHeaHOii  ceTKe  b  noaoce;  aaa  Hee  aoxasaHa 
paBHOMepHaa  no  BpeMeHH  yCTOHHHBOCTb  b  L0  h  BbiBeaeH  3bkoh  coxpaHeHHa  Maccbi. 

OnepaTOp  Sref  b  /TTTry  aaa  cxeMbi  c  pacmenaeHHeM  Taxon  ace,  KaK  aaa  HCxoanoH 

cxeMbi;  oh  aBaaeTca  HeaoKaabHbiM  no  BpeMeHH  h  3anHCbiBaeTca  Taxace  c  noMonmio 
/incp  no  nepeMeHHoii  nonepeK  noaocbi.  Aaa  peaaH3au,HH  MeToaa  c  pacmenaeHHeM  h 
J\UTY  b  caynae  oomcro  noTemmaaa  pa3pa6oTaH  h  peaaH30BaH  3c[)cJ)eKTHBiibiH 
npaMoii  aaropHTM  BLiMMcnenna  pemeHHa,  nciioabsyiomHH  nporoHKH  Baoab  noaocbi 
h  B^nO  nonepeK  noaocbi.  IIpeacTaBaeHbi  pe3yabTaTbi  HHcaeinibix  3KcnepHMeHTOB 
no  pacHCTy  TyHHeabHoro  3cJ)c|)eKTa  aaa  npaMoyroabHbix  SaprepoB.  IIoKa3aHO,  hto 
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npHMeroieMoe  pacmenneHHe  no  noTeHpnaay  He  BeaeT  k  CHnaceHnio  tohhocth 
pe3yjiBTaTOB. 

PaSoTa  BtinojiHeHa  npn  c|)nnancoBoh  noaaepacice  nporpaMMBi  «HaynHbin 
(J)oh^  HHY  BIH3»  b  2012-2013  rr.  (npoeKT  11-01-0051),  Pd>d>H  (npoeKT  12-01- 
90008-Beji)  n  rpaHTa  MnHoSpHayicH  Pd>  (coraameHne  N°  14.B37.21.0864). 
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IlocTpoeHa  aByxypoBHeBaa  cxeMa  ana  peinemia  chctcm  CTOxacTnuecKnx 
aH(J)({)epeHL[HajibHbix  ypaBHeHHH  (CAY)  Hto  b  CMbicae  CrpaTO h o b h h a,  onHCbiBaioumx 
pa3HOMacniTa6Hbie  (J)H3HnecKHe  nponeccti  HepaBHOBecHon  CTaann  (})a30Boro  nepexoaa  1- 
ro  poaa:  KaacTepH3an,HH  3apoabimeH  nop  n  6poyHOBCKoro  aBnaceHna  b  noTOKe  hohob 
HHepmoro  ra3a  KceHOHa  c  OHeprnaMH  ~  1 0  koB. 

The  two-level  scheme  is  constructed  for  numerical  analysis  of  stochastic  differential 
equations  Ito  in  the  StratonoviclTs  sense,  describing  physical  processes  with  different 
scales  characteristic  times  of  a  non-equilibrium  stage  1-st  kind  phase  transition  such  as 
clustering  of  pores’  nuclei  and  its  Brownian  motion  into  flux  of  ions  inert  gas  xenon  with 
energy  of  ~  10  keV. 

MaTeMaTnnecKaa  Moaeab  aMOp(j)H3au,Hn  ynponHaiomero  noKpBiTna 
(o6pa30BaHna  neTOHeuiibix  paanan,noHHbix  ae(J)eKTOB  nopncTOCTH  b 
KpHCTaaannecKOH  pemeTKe)  onncaHa  KBa3naHHenHbiMH  km  n  era  nee  km  m  h 
ypaBHeHnaMH  K  o  a  m  o  r  o  p  o  b  a  -  <T>  e  a  a  e  p  a  aaa  OBoaionnn  pa3Mepa  aapoabima  nopbi  n 
3HHmTenHa-CMoayxoBCKoro  aaa  ero  SpoyHOBCKon  aH(J)(J)y3HH  b  oSbeMe  pemeTKH, 
ypaBHeHnaM  CTaBHTC a  b  eooTBeTCTBne  cncTeMa  C^Y  Hto,  cymecTBOBaHne  n 
eanHCTBeHHOCTb  pemeHna  KOTOpon  aoKa3aHa.  ^aa  pa3HOMacmTa6Hbix  (J)M3MHecKMx 
npopeccoB  Moaean  nocTpoeHa  aByxypOBHeBaa  MoancJ)HKau,Ha  ycTonnnBoro 
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o6o6iu,eHHoro  MeToaa  rana  Po3eH6pOKa  a-Jra  pememni  chctcm  C^Y  b  CMBicne 
CTpaTOHOBHHa.  ^jui  chctcmbi,  cocToameii  H3  cnoa  6H-SiC  Ha  cyScTpaTe  odjiyneHHe 
3aaaHO  ao3oii  10  cm"“.  3BOjnou,Ha  nopHCTOCTH  h  HanpaaceHHH  odneMa  paccnHTaHBi 

c  noMomtK)  pememni  4xl06  QZJY. 

BaaroaapHM  B.C.  PadeHticoro  3a  BaoxHOBJiaioiiiyK)  TBOpnecKyio  aKTHBHOCTB, 
a  POOH  3a  noaaepncicy  rpaHTaMH  N°  11-01-00282,  N°  12-01-00490. 

12  2 

T.A.  Averina  ,  A.L.  Bondareva-,  G.I.  Zmievskaya 

“Solution  of  stochastic  differential  equations  of  Ito-Stratonovich  form  in  model 
amorphization  cover  “ 

1 Institute  of  Computational  Mathematics  and  Mathematical  Geophysics  SB  RAS, 

Novosibirsk  State  University ,  ata@osmf.sscc.ru 

2 

Keldysh  Institute  of  Applied  Mathematics, Moscow,  zmig@mail.ru 


PA3HOCTHBIE  H  CTOXACTHHECKHE  METO/JBI  HHCJIEHHOrO 
PEIIIEHHH  HE JIHHEHHOrO  CTOJIKHOBHTEJIBHOrO 
KHHETHHECKOrO  YPABHEHHH 

H.O.  noTaneHKO1,  C.A.  Kapnon2 

JM TIMum .  M.B.Kejidbiuia  PAH,  Mocnea,  PoccuucKan  Pedepauim 
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Asm  KpaTKHH  0630P  pa3HOCTHOrO  H  CTOXaCTHHeCKOrO  nOaXOaOB  K  HHCJieHHOMy 
pemeHHK)  Hejumemioro  khiicth  nee  koto  ctojikhobh Ten bho ro  ypaBHemra.  Hobbih  Meioa 
npaMoro  c  t  bt  h  c  t  h  h  e  ck  o  r  o  MoaeJinpOBamra  rana  MoHTe-Kapjio  cpaBHUBaerca  c 
pe3yJIBTaTaMH,  OCHOBaHHBIMH  Ha  nOJIHOCTBK)  KOHCepBaTHBHBIX  pa3HOCTHBIX  cxeMax. 
OTMeneHbi  npenMymecTBa  n  HeaocTaTKH  3thx  MexoaoB. 

A  short  review  of  deterministic  and  stochastic  approaches  to  numerical  solution  of 
the  nonlinear  kinetic  equation  is  given.  A  new  DSMC  method  is  tested  by  comparison  with 
numerical  results  based  on  completely  conservative  difference  schemes.  Advantages  and 
limitations  of  both  methods  are  indicated. 


Handonee  H3BecTHoe  KHHeTnnecKoe  ypaBHeHne, 
ra3a  n  nna3MBi,  -  ypaBHeHne  EonbuyiaHa  (YE) 


Dja=Y.Q«Af°’fW  DJc 

P 


d  d  F.  d 

—  +  v —  +  —  — 
dt  dr  m  dv 


onncBiBaiomee  aimaMHKy 

‘/a’  {/a6?3V  =  Ha(r,0 
R3 


c  HHTerpanoM  CTOJiKHOBeHnii 

Qap(fa’fp)=  J  d3wd2n^(u,n){/a(v')4(w')-/a(v)//!(w)}, 

R3xS2 

rae  gap  (u,  p)  =  u  <Jan (u,  jLi) .  B  Teopnn  ypaBHemm  Eom,u,MaHa  an(j)(J)epeHu,HajibHoe 
ceneHHe  paccexHHn  <jaJ3(u,ju)  b  cncTeMe  qeHTpa  Macc  CTajiKHBaiomHxca  nacTHu,  Ha 
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yron  #  =  arccos//,  |//|  <  1  npeflnojiaraeTCH  3aflaHHoii  h3bccthoh  cjDyHKu,Heii  (cm., 

HanpHMep,  [1]).  OnepaTOp  ctojikhobchhh  a  jib  3apH>KennBix  nacTnn  6biji  nojiyneH 
JTanaay  [2]  KaK  annpoKCHMapHH  HHTerpaaa  ctojikhobchhh  EojiBpMaiia  b 


npeanoao'/KeiiMH  pacceniinH  Ha  MajiBie  yrjiBi 

. 2 


Q^(faJe)  = 


m 


a/3 


d 


P' 


2 ml  dv 


■  |  d3 w  u  (u)Ry-  (u) 


d 


m. 


d 


8vj 


nip  dwj 


/«(v)/,(w). 


a  nepe3  20  JieT  3tot  onepaTOp  6biji  bhobb  BBiBe^eH  b  cjiopMe  hcjikhchhoto 
ypaBHeHHa  OoKKepa-IljiaHKa  (Oil)  [3],  ^jih  hhcjichhoto  pemeHHH  npocTpaHCT- 
BCHHO  HeOflHOpOflHOTO  KHHCTHHeCKOTO  ypaBHCHHH  eCTeCTBCHHO  HCn0JIB30BaTB 
CTaH^apTHBie  mcto^bi  pacmenjieHHH  no  (J)H3hhcckhm  napaMeipaM,  to  ecTB 
paccMaTpHBaTB  pasaeabiio  (a)  ypaBnenne  BjiacoBa  (HenpepBiBHoe  aBH’/Kcnne 
3JieKTpOHOB  H  HOHOB  BO  BH6TTTHHX  H  CaMOCOTJiaCOBaHHBIX  nOJIHX)  Dafa=  0, 


Fa  =  e{E(r,£)  +y  xB(r,0  /  c}  h  (6)  KyjiOHOBCKHe  ctojikhobchhh  c  HHTerpajiOM  JIOIT. 

^JIH  HHCJICHHOTO  pCHJCIIHH  nepBOH  CTaflHH  OOBIHIIO  HCnOJIB3yiOTCH  MCTOJIbl  HaCTHH, 
KOTOpBie  xopOHio  HiyHCiibi  h  npeflCTaBJieHBi  b  jiHTepaType.  /(an  cth/ihm  (6)  name 
npHMeHHiOTCH  KoncHno-paanocTiiBie  mctojibi,  hctophh  KOTOpBix  nacHiiTBiBacT  He 
OflHH  ^ecHTOK  JieT  (cm.  paSoTy  [4]  h  ccbijikh  b  Hen).  Mcto^bi  ace  THna  MoHTe-Kapjio 
(MK)  pa3BHTBi  xyace,  xoth  hmchho  CTOxacTHnecKHH  no^xoA  cctcctbchho 
oSBe^HHaeTCH  c  mcto^om  nacTHu,.  Cpe^H  CTOxacTHnecKHx  mcto^ob  pemeHHH 
ypaBHeHHH  JIOIT  otmcthm  mcto^bi  [5,6],  KOTOpBie  ocHOBaHBi  Ha  onpeflejieHHBix 
OpHTHHaJIBHBIX  (|)H3HHeCKHX  HflCHX,  H  o6lH,HH  nOflXOfl  K  nOCTpOCHHIO  CXCM  THna  MK 

b  [7],  3^ecB  mbi  npe^CTaBJiaeM  noAxofl  k  HHCJieHHOMy  MO^eJinpOBaHHio  ypaBHeHHH 
Jion,  KOTOpBiH  aeaacT  mctoji  MK  aOcoaiOTiio  hchbim  h  npocTBiM  b  HcnojiB30BaHHH. 

CymnocTB  ero  3aK;noHaeTCH  b  tom,  hto  #jih  Moaeanpo Banna  ctojikhobchhh 
3apH5KeHHBix  HacTHii,  HcnojiB3yeTca  YB,  annpOKCHMHpyiomee  ypaBHemie  JIOII,  c 
ceneHHeM  KBa3H  MaKCBejuiOBCKoro  THna  [8,9], 

KaK  fleTepMHHHCTHHeCKHH,  TaK  H  CTOXaCTHHeCKHH  nOHXOJIBI  OOJiaaaiOT  CBOHMH 
npeHMymecTBaMH  h  He^ocTaTKaMH.  TaK  KOHeHHO-pa3HOCTHBiii  no^xofl 
oSecneHHBaeT  HanSojice  KOppeKTHoe  h  ^eTajiBHoe  onncaHHe  cjiyHKu,HH 
pacnpeaejicnna.  OanaKO,  ^jih  hcjikhchhoto  khhcthhcckoto  ypaBnenna  JIOII 
cnpaBeflJiHBBi  TpH  3aKOHa  coxpanenna:  hjiothocth  nacinn,  HMnyjiBca  h  meprnn, 
BBinojiHeHHe  KOTOpBix  b  ancKpcTiioM  cjiynae  TpyzjHO  oSecnennTB.  B 
npOTHBOnOJIOHCHOCTB  3TOMy  BJITOpHTM  MCTOfla  THna  MK  CTpOHTCH  HCXOflH  H3  TOTO, 
HTO  HaCTHU,BI  nOCJie  CTOJIKHOBCHHH  IipnOOpCTaiOT  CKOpOCTH  B  COOTBCTCTBHH  C 
3aKOHaMH  coxpaHeHHH.  Mctojibi  rana  MK  oSjiaaaiOT  hccomhchhbim 
npeHMymecTBOM  ^jih  mhotomcphbix  aaflan  b  cnjiy  hx  OBiCTpoaencTBnH.  Ohh 
acjajieKTHBHBi,  KOT^a  b  peinaeMOH  3aAane  hcoSxoahmo  3hbtb  nepBBie  momchtbi 
(jiyHKTTHH  pacripeaeaennH.  /(an  onncamiH  ace  bbicokhx  momchtob  ncooxoanivio  6paTB 
6oj1bluoc  hhcjio  pa3BirpBiBaeMBix  «HacTHii,»  -  CKOpocTeii,  hto  noBBimaeT 
cymecTBeHHO  BpeMH  pacneTa.  Mbi  cp aBHHB aeM  o6a  no^xofla  k  MO^eanpOBaHHio 
KyjiOHOBCKHx  ctojikhobchhh  #jih  THnHHHBix  3a#aH  (Jihihkh  njia3MBi.  HncaeiniBie 
pesyaBTaTBi,  npoBeaeiniBie  no  MCToay  npHMoro  MoaejinpoBanna,  cpaBHHBaiOTCH  c 
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pacneTaMH,  ripoBeaemibiMH  no  nojmocTBio  ko  n  cep  Bam  b  n  bi m  pa3HOCTHBiM  cxeMaM 

[10,4]. 
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The  report  deals  with  the  computer  simulation  of  the  immune  processes  described  by 
ordinary  differential  equations  and  differential  equations  with  delay. 

B  aoxaaae  paccMaTpHBaiOTca  Bonpocbi  xoMiibiOTepnoro  MoaennpoBaiina 
HMMyHHBix  npoueccoB,  onHCtiBaeMBix  oobiKiiOBemibiMH  a h c|) cj) e p e i m h an b n b i m h 
ypaBHeHHaMH,  c})yiiKunoiiaubiio-nHc|)<))epeiiHMaubiibiiYiM  y  p  a  b  1 1  e  1 1  n  a  m  h  , 

a  h  cj)  cj)  e  p  e  i  m  h  a  a  b  1 1  b  i  m  h  ypaBiieiinaivin  c  nacTHbiMH  npOH3BoaHbiMH. 

OcHOBHoe  BHHMaHHe  b  padoTe  yaeaeHO  BonpocaM  nocTpoeHHa  HHcaemibix 
anropHTMOB  ivioaeunpoBaiina  HMMyHHBix  Moaeaeii. 

Taxace  odcyacaaiOTca  Bonpocbi  nporpaMMHoii  peaaH3au,HH  pa3pa6oTaHHbix 
HHcaeHHbix  aaropHTMOB  b  paMxax  naxeTa  npnxaaaHbix  nporpaMM  Biomedical 
Software  Package  h  Ha  m i i o r o n p o u e c co p 1 1 o m  b bi h h ca HTea b i i o m  xoMnaexce  HMM 
YpO  PAH. 

PadoTa  noaaep'/xaiia  nporpaMMoii  npe3HaHyMa  PAH  «OyHaaMeHTaabHbie 
HayxH  -  Meanii,HHe»,  PcPOH  (npoexTbi  11-01-00117,  13-01-00089,  13-01-00110), 
Y paao-CHonpcKHM  m e >x a h ch h ri a h i i a p i i b i m  npoexTOM. 
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nOJIHBIE  CHCTEMhI  HEAJirEEPAHHECKHX  OYHKIJHH  (DC)  PM  hi 
RJW  METO/JA  KOHEHHhIX  3JIEMEHTOB 

H.K).  KojiecHHKOB 

r eocjni'niHecKiiii  uenmp  PAH  -  Mocuea, 
kol@wdcb.ru 

IlojiHBie  CMCTeMbi  iieajire6paHHecKHx  ([jyHKunn  cf)opMbi  ana  nHTepnojiapnH 
JlarpaHaca  nocrpoenbi  xax  pewem-ia  ypaBHemm  b  nacTiibix  npoH3BOUHbix  Ha  Ky6e.  B 
paMKax  MeToaa  Koneniibix  gjieivieuTOB  peamrsyiOTcn  aocTonHCTBa  mctouob  rpaiiHHiibix 
3JieMeHTOB,  a  TaKace  decceTOHHbix  h  cneKTpajibHbix  MeToaoB. 

Complete  systems  of  the  non-algebraic  shape  functions  for  the  Lagrange 
interpolations  are  constructed  as  the  PDEs  solutions  on  a  cube.  The  advantages  of  the 
boundary  element  methods,  meshless  and  spectral  methods  are  realized  within  the 
framework  of  finite  element  method. 

C  60-x  roaoB  npoimioro  Beica  no  HacToaiuee  BpeMa  HanSonee  «CTaTHHHon»  b 
MCToae  Konemibix  aneMeHTOB  (MK3)  ocTaeTca  ero  a  n  n  p  o  k  cm  m  a  n  h  o  h  n  a  a  ocHOBa, 
koto  pan  orpannnena  Bbioopovi  ajireSpannecKnx  cJtyiiKnnh  c[)opivibi:  CTeneHHbix  n 
opToroHajibHbix  nonnHOMOB  b  h-,  p-  n  hp-  Bepcnax  MK3  [1], 

C  noBbimeHneM  nopaaKa  ajireSpannecKon  annpOKCHMauHH  b  Konemibix 
3JieMeHTax  (K3)  eyiuecTBeHHbiM  HeyaoOcTBOM  aBnaeTca  HeoSxoanMOCTb  BBeaemia 
BHyTpeHHHx  CTeneHeii  CBoSoati  c  nocneayioiuHM  nx  ycipaHeHneM  c  noMontbio 
Tpy^oeMKHx  HHcaemibix  nponeayp  CTaTnnecKon  Konaencannn. 

Hameii  oea  bio  6bijio  pacmnpeHne  Tnna  e[)ynKnnonanbiibix  annpOKCHMauHH  b 
MK3  n  Ha^eneHneM  ero  hobbimh  nojie3HbiMH  B03M0ncH0CTaMH  Ha  nym  BBeaemin 
nojiHbix  cncTeM  HeajireSpannecKHx  ([lynKiinh  (j)opMbi  [2]. 

IlocTpoeHbi  HeanreSpannecKne  (n3  na6opoB  cnHycon^ajibHbix, 
3KcnoHeHu,najibHbix  n  nojinjinHenHbix  eJtyiiKnnh)  niiTepnonannoinibie  MiioroHnenbi 
Jlarpan>Ka  ana  p a b n o o tcto a ut h x  y3JiOB  Ha  3aMKHyTbix  MHoncecTBax  eaniinunoro 
Ky6a:  OTpe3Ke  [0,1];  rpannue  KBanpaTa;  rpaimue  Ky6a;  KBaapaTe  h  Ky6e.  B 
OKpecTHOCTax  yrnoB  peanH3yeTca  HaHnynniHH  jiHHeHHbiH  MeToa  npnonn>Kenna  b 
cjtopMe  TpHroHOMeTpHuecKHx  cyMM  (PaBapa.  B  oaHOMepHOM  cjiynae  Ha  KJiacce 
HenpepbiBHO  an(|)c[)epeHUHpyeMbix  foynKunh  c  orpaHHneHHOH  BTOpoii  npOH3BoaHoii, 
nopaaoK  nacbimeima  HHTepnojiau,HOHHoro  npouecca  xapaKTeproyeTca  bcjihukhoh 
0(n~3),  rae  n  -  hhcjio  y3JiOB  Baonb  OTpe3Ka  [0,1]. 

IIpH  pacnononceHHH  y3JiOB  Ha  rpannue  KBaapaTa  (c  bo3mo5khoctbk)  Bbioopa 
pa3JIHHHOTO  HHCJia  TOHCK  Ha  pa3HBIX  CTOpOHax)  HHTepnOJiaU,HOHHbie  CyMMbI 
JIarpaHnca  CTponjiHCb  b  (JtopMe  tohhbix  pememni  3aaaun  ^Hpnxne  ana  ypaBHeHHa 
Jlannaca  npn  3aaaHHH  Ha  KOHType  t p  h  io  n  o  m eTp  h  h  ec  k  h  x  HHTepnonauHH  c 
yjiyumeHHbiM  noBeaeHHeM  b  OKpecTHOCTax  yrnoB. 

,Z],nn  paBHOOTCToan;Hx  y3JiOB  Ha  rpannue  Ky6a  HHTepnojiauHH  JIarpaHnca 
HaxoaHJiHCb  KaK  npnonn’/Keinibie  anannTnnecKne  pemeHHa  aaaann  ^Hpnxjie  ana 
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ypaBHeHiM  Jlannaca  b  Ky6e  c  Hcnojn>30BaHHeM:  n oca eao BaTeji bhoto  HCKaioneiiMH 
y3JiOBBix  neoanopoanocTeH  b  BepuiHiiax,  Ha  pe6pax  h  rpanax  xy6a;  npHHpHna 
cynepno3Hu,HH;  MCTona  npaMBix  h  ivieTona  ceTOK  b  coHeTanuM  c  kohchhbimh  pjpjaMH 
Oypte.  ripoBeaennoe  CBopaHMBanne  MHoroicpaTHBix  cyMM  ^Jia  BepniHH  h  tohck 
pe6ep  npHBejio  k  MHHHMajibHO  b  o  3  m  o  >k  ii  o  m  y  HHCJiy  cnaraeMBix  0(n2)  b 
cj)y HHaMeiiTaa bii bix  Mnoronaeiiax  (cj)yiiKUHax  (J)opMBi)  a jih  Bcex  rp bhhhhbix  ysaoB 
Ky6a.  CymecTBeHHO,  hto  h  j\jik  KBa^paTa  h  a jih  Ky6a,  BHyTpeHHHe  y3JiBi  saecb  He 
BBO^aTca  fljia  npOH3BOJiBHoro  HHCJia  rpaiiHHiiBix  y3JiOB. 

IlpH  nocTpoeHHH  cj)y  HaaMeiiTaa  bii  bi  x  MiioroHJienoB  cctkh 

paBHOOTCTOMHlHX  TpaHHHHBIX  H  BHyTpeHHHX  y3JIOB  B  KBa^paTC  H  Ky6e  npHMeHaJIHCB 
CMemaHHBie  h  iiTep  n  on  ahum  Ha  ocHOBe  cynepno3Hu,HH  nocTpoeHHBix 
(J)yHflaMeHTajiBHBix  (J)yiiKHHH  ana  rpaiiHHiiBix  y3JiOB  h  KOppeKTHpyiomHx  hx  bo 
BHyTpeHHHX  y3Jiax  ceTKH  MHoroMepHBix  Koneniibix  panoB  OypBe. 

B  pe3yjiBTaTe  npHBneneHHn  onepaTOpa  rejiBMrojiBpa  CKOHCTpyHpOBaHBi 
cj)y MaaMenTaa bii Bie  (J)yiiKHHH,  HMeionpie  KaiionuHecKne  thhbi  MBMenenua:  nnaBHBiii, 
3aTyxaiOH],HH  h  KOJie6aTejiBHBiii  b  3aBHCHMOCTH  ot  aaaaiiHH  BcmecTBemiOH 
nocToaHHoii  b  onepaTOpe. 

IlocTpoeHHBie  c})y  naaMeiiTaji  bii  Bie  mhotohjichbi  HcnojiB30BaHBi  npn 
(J)opMHpOBaHHH  coBMecTHBix  H3onapaMeTpHHecKHx  nepexo^HBix  K3  c 
npOH3BOJIBHBIM  HHCJIOM  y3JIOB  (MaKp03JieMeHT0B)  H  C  pa3HOMaCHITa6HBIM 
npe^CTaBJieHHeM  nojieBBix  (j)yincu,HH  (b  eooTBeTCTBHH  c  ranoM  hx  H3MeroieMOCTH). 

B  pe3yjiBTaTe,  Ha  ocHOBe  MK3  h  ero  ynMc|)MHMpoBamioro  m aTe m aT h h e cko ro 
oSecneHeiiHH  peanroyiOTcn  BancHBie  c^ynKUHonaaBiiBie  bo3mo>khocth  mcto/iob 
TpaHHHHBIX  3JieMeHTOB,  a  TaK'/KC  OeCCeTOHIIBIX  H  CneKTpaJIBHBIX  MCTOaOB. 

Oocy/KHaeTCH  pememie  ncecTKHX  3anan  MK3  06  rnruoe  tohkhx  njiacTHH. 
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nPHMEHEHHE  nOJIYJIOKAJIBHBIX  CriA/KMBAIOlIIMX  CIIJIAHHOB 
B  ^HOOEPEHIJHAJIBHBIX  YPABHEHHflX 

^1,.A.  CnjiaeB1,  ^.O.  KopoTaeB2 
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~  Hue  mu  my m  AemoMamu3auuu  npoeKmupoeauun  PAH  -  Mocuea, 

dok-home  @  mail,  ru 

Aaimaa  pa6oTa  nocBameiia  ncnojib30BaHHio  nojiyjiOKajit.Ht.ix  craa>KHBaiomHx 
cnjiaitHOB  jtna  nocTpoemta  mctohob  pemeHna  atKjx^epemtHajibUbix  ypaBHeHnn,  b  t.h.  b 
nacTiibix  npoH3BOjnibix,  oSjiaaaiomHx  bbicokhm  nopa^KOM  arnipOKCHMamm. 

Semilocal  smoothing  splines  allows  us  to  build  high-ordered  methods  of  solving 
differential  equations,  including  partial  differential  equations. 

ITocTpoeHHe  nojiyjiOKajibHBix  c m  aac  h  b  a  i  o  m  n  x  cnjiaimoB  (S-cnjiaimoB)  [1] 
BticoKoro  iiopa^Ka  annpOKCHMaitHH  no3BOJiHJio  pa3pa6oTaTt.  HHcnemibiH  MCTon 
pemeHna  ,zmefx})epenHHajibnbix  sa/tau  ana  mnpOKoro  Kpyra  nByiviepnbix  n 
TpexMepHbix  oSnacTeii  c  KycoHiio-manKoh  rpaHHiteii.  S-cnjiaiiHbi  cocToaT  H3 
nojiHHOMOB,  nonoBHHa  k o 3 cj) c|) tin. h e n to b  KOTOpbix  onpe,ztejiaeTca  ycjiOBHaMH  rna/tKoii 
CKJieitKH,  a  ocTajibHbie  -  mcto^om  HaHMeHbnmx  KBattpaTOB.  B  ocHOBe  pemeHna 
jieacHT  mctoh  TajiepKHHa,  npHMeHeHHbiii  k  CHCTeMe  (Jtyn/taMeiiTaji  biibix  cnjiaimoB, 
aBJiatomeiica  nojmoii  b  paccMaTpHBaeMOM  npocTpaHCTBe  fjtyHKTTnn.  fJeneByio 
oouacTb  mm  noMemaeM  b  Kpyr  hjih  map  hcckojibko  ooubmero  pa/myca  (hjih 
noKpbiBaeM  CHCTeMoii  TaKOBbix).  IIottoSHbiii  nottxott  no3BOJiaeT  tohho  ynecTb 
rpaHHity  oOjiacTH,  a  TaKace  pemaTb  ypaBHeHHa  BbicoKoro  nopa^Ka  (c  rioiviombio 
cnjiaimoB  KJiacca  C4  6biJio  pemeHO  SHrapMommecKoe  ypaBHemie  b  mape). 
Hcnojib3ya  S-cnjiaiiHbi  KJiacca  C  6bijio  pemeHO  ypaBiienne  IlyaccoHa  b  oSnacTH  c 
Herjia^Koii  rpaHHiteii  c  tohhoctbk)  0(h6)  [2],  Bbicokhh  nopattOK  annpOKCHMau,HH 
no3BoaaeT  pe3K0  coKpaTHTb  koji-bo  tohck,  ocoSeHHO  b  MHoroMepHbix  oSnacTax. 
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MO/JEJIHPOBAHHE  I  I  MI  HHH  TA30BEIX  CMECEH 

C.B.  ITojiaKOB,  T.A.  KyapamoBa 

Keldysh  Institute  for  Applied  Mathematics,  Moscow , 
serge  @  imamod.  ru,  kudryashova  @  imamod.  ru 

MoaeanpOBamie  CBepx3ByKOBbix  TeHennn  ra30Bbix  CMecefi  aBaaeTca  cymecTBeHHOH 
nacTbK)  6ojibiiioro  xpyra  nayH no-Tex HHHecKHx  npo6jieM,  b  tom  incne  oho  aKTyajibiio  npn 
HCCJieaoBaiiHHx  ra3oannaMHHecKHx  npoijeccoB  b6jih3h  pasiiHHHbix  kocmhhcckhx 
o6teKTOB,  cocTaBJiaeT  ocHOBy  mhothx  MHKpo-  h  HaHOTexHOJiorHH.  U,ejib  naimon  pa6oTbi  - 
coBaanne  m are m aT h h e c ko h  Moaean,  no3BOJHnomen  nccaeaoBaTb  TeneHna  cmcch  ra30B  b 
caynae  HacTHHiioro  HapymeHHa  THnoTe3bi  cnaonmocTH  cpeabi. 

Supersonic  flow  of  gas  mixtures  is  present  in  a  wide  range  of  scientific  and  technical 
problems,  including  the  study  of  comets,  vacuum  technology,  and  materials  science.  The 
supersonic  expansion  of  mixed  molecular  gases  is  accompanied  by  several  simultaneous 
nonequilibrium  processes.  The  purpose  of  this  paper  is  to  design  a  model  to  research  flow  of 
the  gas  mixture  in  the  case  of  a  partial  break  of  the  continuity  hypothesis. 

B  flaHHoii  pa6oTe  p a c c m ut  p  n  b  a  e  t  ca  npooaeMa  MoaenHpOBaHHa  TeuenHii 
ra30BBix  CMeceii  b  cayaae  npnoan’/Kenna  micaa  Knyacena  k  rpaiinne  npHMeHHMOCTH 
npH6aH/KenHH  cnaomHOH  cpeabi.  OannM  H3  npHMepOB  TaKoii  cnTyannn  MO>Kno 
CHHTaTB  HCTeneHHe  CBepx3ByKOBBix  ra30BBix  CTpyii  b  BaKyyM,  a  TaioKe 
B3aHMoaeHCTBHe  CTpyii  c  mepoxoBaTBiMH  noBepxHOCTaMH  h  ap.  A-™ 
onpeaeaeHHOCTH  ocTaHOBHMca  Ha  3aaane  CBepx3ByKOBoro  Tenemia  SHHapHoii  cmcch 
ra30B  b  MHKpOKaHanax  TexiiMHecKMx  c h ctc m .  MaTeMaTHHecKaa  Moaeat  TaKoro 
TCHeiiHa  He  mo'/KCt  6bitb  noanocTbio  c  (})  o  p  m  y  a  h  p  o  b  a  h  a  b  paMKax 
m  a  k  p  o  ck  o  ri  h  h  e  c  k  o  r  o  rioaxoaa.  06 bin  no  b  TaKoii  CHTyau,HH  ana  onncanna  Tenenna 
CMecH  ncrioaB3yiOT  an6o  ypaBiienna  HaBBe-CTOKca  co  cnennaabiibiMn  rpannunbiMn 
ycaoBHaMH  Ha  CTeHKax  KaHaaa,  anoo  nepexoaaT  k  pemeHHio  ypaBnenna  Boabu,MaHa 
b  tom,  nan  hhom  npH6aHaceHHH.  06a  cnoco6a  hmciot  cboh  naiocbi  h  MHHycbi. 
PemeHHe  Ha  ochobc  ypaBHeHHH  HaBbe-CroKca  no3BoaaeT  cymecTBeHHO  coKpaTHTb 
BbinncanTeabiibie  3aTpaTbi,  oaHaKO  nncao  KfiyaceHa  b  paMKax  TaKoro  noaxoaa  He 
MoaceT  6bitb  6oabme  0.1.  PemeHHe  Ha  ochobc  ypaBHeHHa  Boabu,MaHa  noaynaeTca  Ha 
nopaaoK  6oaee  3aTpaTHbiM,  oaHaKO  ananaaon  nncea  KHyaceHa  CBepxy  umicm  He 
orpaHHHeH.  Oh  orpannnen  CHH3y  BeanunnaMn  nopaaxa  0.01,  nocKoatKy  ana 
MeHbiHHx  aianennh  nncaa  KHyaceHa  BbinncanTeabnaa  nponeaypa  Ha  6a3e 
ypaBiienna  BoatitMaHa  CTanoBHTca  aScoaiOTiio  HenpHeMaeMOH  c  tohkh  apenna 
BbinncanTeabiibix  3aipaT. 

MoaeKyaapHaa  annaMHKa  aBaaeTca  oaHHM  H3  nan6oaee  moih,hbix 
BbinncanTeabiibix  noaxoaoB,  3c})c|)eKTHBno  npHMeHaeMbix  aaa  MoaeanpoBanna 
4)H3HaecKHx,  xHMHaecKHx  h  OHoaorHHecKHx  npopeccoB.  MeToa  MoaeKyaapHoii 
aHHaMHKH  (MMfl)  o6aaaaeT  bbicokhm  npocTpaHCTBeHHO-BpeMeHHbiM  pa3pemeHHeM  h 
no3BoaaeT  nonyHHTb  HHcj)opMau,HK)  o  nponeccax,  npOHCxoaam,Hx  b  aTOMHO- 
MoaeKyaapHbix  MacniTa6ax  h  Ha  BpeMeHax  nopaaKa  HecKoabKHx  HaHoeeKyHa. 
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HcnojiB30BaHHe  MM/)  b  nonHOM  o6beMe  jpir  peaabHbix  pa3MepOB  oSaacTH  h 
KOHenHBix  npOMeacyncoB  BpeMeHH  npeacTaBaaeTca  riOKa  n pe>Kae  Bpe  Me  i i  n  bi  m ,  aaace 
npH  HajiHHHH  oneHb  moiu,hbix  cynepKOMntiOTepOB.  Ha  Ham  B3raaa  HanSoaee 
npo^yKTHBHBiM  noaxoaoM  k  3aaanaM  rionoonoro  KJiacca  MO>KeT  oica3aTbca 
KOMSHHapna  MaKpocKonHHecKoro  noaxoaa,  onncbiBaiomero  cpeaHee  none  Teaemra, 
h  KoppeKUHH  xapaKTepHCTHK  Tewenna  c  noMombio  CTaTMCTMHecKMx  noaxoaoB. 

B  aaHHoii  paSoTe  MaKpocKonHHecKHH  noaxoa  6a3HpyeTca  Ha  ypaBHemiax 
KBa3Hra3oanHaMHKH  (KTJX),  a  KoppeKuna  napaMeTpOB  TewenMa  npOH3BoanTca  c 
noMombK)  MM/).  npeaJiaraeMbiii  o6ih,hh  ajiropHTM  pacaeTa  npeacTaBJiaeT  co6oh 
pacmenaeHHe  no  cj)H3HnecKHM  npopeccaM.  KF/)  CHCTeMa  paccMaTpHBaeTca  b 
penaKcau,HOHHOM  npHOaHaceHHH  h  aBaaeTca  o6o6meHneM  KBa3 h ra3oan i iaM h hcckh x 
ypaBHeHHH  Ha  cjiynan  CMecn  ra30B.  OHa  pemaeTca  MeToaoM  KOHeaHbix  oSbeMOB  Ha 
noaxoafliaeii  ceTKe.  CncTeMa  ypaBHeHHH  MoaeicyaapHOH  amiaMUKH  Hcnoab3yeTca  b 
KanecTBe  nonceToanoro  ajiropHTMa  (n  p  u  m  e  n  a  i  o  m  c  r  o  c  a  BHyrpH  Kaacaoro 
KOHTpoabHoro  o6beMa).  B  paMKax  MM/|  aaropHTMa  B3aHMoaeHCTBHe  nacTHu, 
onncbiBaeTca  c  noMombio  noTemiHaaa,  KOTOpbiH  onpeaejiaeTca  ncxoaa  H3  cbohctb 
MoaeanpyeMoro  BeipecTBa,  ero  arperaTHoro  h  t e p m h h e ck o r o  cocToaHHH.  /)aa 
pacHCTa  cm  a  B3aHMoaeHCTBHa  Moaexya  Hcnoab3yeTca  xopomo  3apeKOMeHaoBaBHiHH 
ce6a  noTeHu,Haa  JleHHapaa-^acoHca,  no3Boaaioiii,HH  c  MHHHMaabHbiMH  BbiHHcaHTeab- 
hbimh  3aTparaMH  noayaaTb  aocTaTOHiio  TOHiibie  pe3yabTaTbi  aaa  chctcm, 
xapaKTepH3yiOH],Hxca  napHbiM  B3aHMoaeHCTBHeM,  b  aacTHOCTH,  aaa  HHepTHbix  ra30B. 

PaSoTa  noaaep'/Kana  Pocchhckhm  c|)onaoM  c|)yHaaMeiiTaabn bix  nccaeaoBaHHH 
(npoeKTbi  JN2JV0  1  1-01-12086-ocJ)h-m,  12-01-00339). 
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llpHBC^CHbi  pesynbTaTbi  aHanroa  cxo^hmocth  h  odneMa  BbiHHCHHTenbHOH  pa6oTbi, 
npcacTaBJieiibi  pesyubTaTbi  BbiHHCJiHTejiBHBix  3KcnepHMeHTOB  (ot  ypaBiienua  IlyaccoHa  ao 
ypaBHeHHH  HaBBe-CroKca). 

The  report  represents  robust  multigrid  technique  as  a  variant  of  geometric  multigrid 
methods  with  problem-independent  components.  Results  of  the  convergence  analysis  and 
the  computational  efforts  are  given;  results  of  computational  experiments  (from  the  Poisson 
equation  up  to  the  Navier-Stokes  equations)  are  presented. 

U,ejiBK)  flaHHoii  paSoTBi  aBJiaeTca  pa3pa6oTKa  BBicoK03c[)(j)eKTHBHoro  MeToaa 
pemcnuH  niHpOKoro  KJiacca  KpaeBBix  sanan  Ha  CTpyKTypHpOBaHHBix  ceTKax.  IIpH 
3tom  TpeSyeTca,  htoobi  anropHTM  He  coaep'/Kaji  npo6jieMHO-3aBHCHMBix  komhohcht 
ana  HCKJiKtueHHa  bo3mo>khoh  ero  anariTamm  k  KOHKpeTHoii  Sanaa  e.  IIoaodHBiH 
anropHTM  npeaHa3HaueH  aaa  nporpaMMHoro  odecneneHmi,  ycTpoeHHoro  no 
npHHitHny  «aepnoro  am,HKa». 

B  ocHOBe  pa3pa6oTaHHoro  anropHTMa,  nojiyHHBHiero  Ha3BaHne 
yHHBepcajiBHaa  MnoroceToaiiaa  TexHoaorna  (YMT)  [1-4],  neacaT  anpHOpHaa 
aaanTau,Ha  KpaeBBix  sanaa  k  YMT,  opHrnHajiBHaa  nocjieaoBaTejiBHOCTB  ceTOK 
(MHoroceTOHHaa  CTpyKTypa),  nocTpoeHHBix  yrpoeHHeM  mara,  HHTerpo-HHTepno- 
aau,HOHHBiii  MeToa  annpOKCHMau,HH  h  MeToa  3eiiaeaa  c  Sjiohhbim  y  n  o  p  a  a  o  a  m  b  a  ii  m  e  m 
HeH3BeCTHBIX.  KaacaBIH  eeTOHHBIH  ypOBeHB  COCTOHT  H3  3Id  ceTOK,  rae  /  eCTB  HOMep 
ceTOHHoro  ypOBHa,  a  d- 2,3.  Baaroaapa  HcrioabsoBaiiHio  aonomiMTeaBiiBix  ceTOK 
yaaeTca  hckjhohhtb  miTepnojummo  H3  YMT.  KompojiBHBie  oobcmbi  Ha  donee 
rpySBix  ceTKax  nocTpoeHBi  odBeanHemieM  3d  kohtpojibhbix  oSbcmob  Ha  donee 
MeaKHx  ceTKax,  nooTOviy  onepaTOp  cyaceHHa  He  3aBHCHT  ot  pemaeMoii  sanaa h.  B 
MHoroceTOHHBix  HTepapnax  YMT  OTcyTCTByeT  npeafiapHTeaBHoe  crnancHBaHHe  ana 
npHMeHeHHa  k  pemeHHio  OTaeabiiBix  nenmieiinBix  KpaeBBix  sanaa. 

J\w  aHaaH3a  exoaHMOCTH  nonyneH  BHa  MaTpHu,Bi  MiioroceTOHiiBix  MTepamiii. 
B  paMKaX  TpaaHH,HOHHOTO  aHaJIH3a  CXOaHMOCTH  MHOTOCeTOHHBIX  MeTOaOB, 
ocHOBaHHoro  Ha  CBoiiCTBax  craancHBaHHH  h  annpOKCHMau,HH,  noKa3aHO,  hto 
KOHHHeCTBO  MHOTOCeTOHHBIX  HTepaU,HH  YMT  He  3aBHCHT  OT  BenHHHHBI  mara  eeTKH. 
OaHaKO,  B  OTHHHHe  OT  KJiaCCHHeCKHX  MHOTOCeTOHHBIX  MeTOaOB,  CTOHMOCTB  MHOTO- 
ceTOHHOH  HTepau,HH  YMT  BBime  h  cocTaBJiaeT  MgY  apmjiMeTHHecKHx  onepaitnii, 
rae  N  -  KOJinnecTBO  HeH3BecTHBix  [5],  TaKHM  o6pa30M  YMT  odnanaeT  6jih3koh  k 
onTHMajiBHoii  CKOpocTBio  exoaHMOCTH.  ITonyHeHa  oueiiKa  npOHrpBima  b 
3(J)  (jieKTHBHOCTH . 

B  KanecTBe  crnancHBaTemi  HcnojiB30BaH  MeToa  3eiiaeaa  c  Sjiohhbim 
ynopaaoHHBaHHeM  HeH3BecTHBix,  KOTOpoe  no3BOJiaeT  npHMeHaTB  YMT  k  pemeHHio 
ceanoBBix  3aaan  (o6o6meHHe  MeToaa  BaHKH). 

,Z],jia  HJiJiiocTpau,HH  npHBeaeHBi  pe3yjiBTaTBi  pemeHHa  paaa  TpexMepHBix 
KpaeBBix  3aaan  (ypaBHemie  IlyaccoHa,  aHH3orponHoe  ypaBHeHne,  ypaBHeHne  c 
pa3pBIBHBIMH  K03(J)(J)HU,HeHTaMH,  HeJIHHeHHOe  ypaBHCHHe  TenJIOnpOBOaHOCTH  H 
ypaBHeHHH  HaBBe-CroKca).  Bee  Sanaa m  pemeHBi  yHH(Jmu,HpOBaHHBiM  o6pa30M  6e3 
BHeeeHHa  KaKHX-JIH6o  H3MeHeHHH  B  BBIHHCnHTenBHBIH  aJITOpHTM,  eaHHCTBeHHBIM 
BapBHpyeMBiM  napaMeTpOM  aBJiaeTca  kojikhcctbo  cr  n  a  >k  m  -  b  a  i  o  hi  m  x  HTepapHH. 
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ITo  CpaBHeHHK)  C  KJiaCCHHeCKHMH  MHOrOCeTOHHBIMH  MeTOflaMH  YMT  He 
CO^epJKHT  npo6jieMHO-3aBHCHMBIX  KOMnOHeHT,  HTO  npHBO^HT  K  yBeJIHHeHHK) 

oSneMBI  BBIHHCJIHTeJIBHOH  paSoTBi  ~  lg N  B  pa3. 

PaSoTa  BBinojiHeHa  npH  noflflepaace  POOH  (npoeKT  12-01-00109). 
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O  nOPH/JKE  CXO/JHMOCTH  PA3HOCTHMX  CXEM  WENO  3A 
<t>POHTOM  y^APHOH  BOJIHBI 

H.A.  MnxanjioB 

Oryn  "POMIf-BHMMTO  uM.amdeM.  E.H.3a6a6axuna", 
n.a.mikhaylov@  vniitf.  ru 

IfyreM  hhcjichhoto  aHajin3a  noKa3BiBaeTca,  hto  b  o6meM  cjiynae  pa3HOCTHBie 
cxeMBi  WENO  bbicokoto  nopa/ixa  annpoKCHMaunn  hmciot  jihuib  nepBBin  nopaaoK 
CXOaHMOCTH  B  rJKUIKOH  HBCTH  o6o6meHHOTO  pCLUeilHa  3a  (j)pOIITOM  yaapHOH  BOJIHBI. 

The  numerical  analysis  has  shown  that  high  order  WENO  schemes  have  only  the  first 
order  of  convergence  rate  in  the  smooth  part  of  solution  behind  a  shock  front. 

npoSneMe  noHnaceHna  nopa^Ka  cxo^hmocth  coBpeMemiBix  pa3HOCTHBix  cxeM 
bbicokoto  nopa^Ka  KJiaccnnecKOH  annpOKCHMan,HH  b  rna^Kon  nacTH  o6o6in,eHHoro 
pemeHna  3a  (jipOHTOM  y^apHOH  bojihbi  (YB)  nocBameH  pa^  pa6oT  [1,  2,  3],  B  hhx 
6bijio  noKa3aHO,  hto  TaKue  aBHBie  aByxcjioiinbie  cxeMBi  ana  pacneTa  pa3pBiBHBix 
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pemeHHH  THnepSonHaecxHx  chctcm  3aKOHOB  coxpaHeHHa,  xax  TVD  cxeMa  XapTeHa 
BTOporo  nopaaxa,  cxeMa  ENO  4-oro  nopaaxa,  b  o6m,eM  cayaae  hmciot  jihiiib 
nepBBiii  nopaaox  cxoahmocth  3a  (f)pOHTOM  YB.  IIpHHHHa  stoto  aBaemia 
3aKJiK)HaeTca  b  tom,  hto  b  cnyLiae  c h ctc m  3aKOHOB  coxpaneima  tohhoctb  pemenna 
3a  (j)pOHTOM  YB  CymeCTBeHHO  3aBHCHT  OT  TOHHOCTH  nepeflaHH  yCJIOBHH  TlOrOHHO, 
Tax  xax  pemeHHe  b  3toh  oSaacTH  onpeaeaaeTca  xapaxTepncraxaMH,  no  xpaimeii 
Mepe,  oana  H3  xotopbix  bbixoaht  c  (J)ponTa  YB  [3]. 

B  [4]  6bijio  caeaano  npeanoao'/xenne,  hto  aBimie  aByxcnoimbie  cxeMBi  WENO 
6aaro,zjapa  SojiBmen  rnaaxocTH  nncjieHHbix  noTOxoB,  aeM  y  nx  npeamecTBeHHHxoB  - 
cxeM  ENO  [5],  cnoco6HBi  coxpaHaTb  bbicoxhh  nopaaox  cxoahmocth  3a  (jjpoHTOM 
YB. 


B  HacToamen  pa6oTe  npOBepeHO  3to  npeanoaoacemie  nyreM  nncjieHHoro 
aHaaroa  Ha  npHMepe  chctcmbi  ypaBHeHnn  Teopnn  Meaxon  Boati 


H,+Qx=  0, 


Q,  + 


Q  h 

^7  +  8 


2  A 


KH  ~  2  j 


=  0, 


r^e  H(t,x)  n  Q(t,x)  -  rnySnHa  n  pacxoa  acnaxocra,  g  -  ycxopemie  cboSoahoto 
na^emia,  x  e(0,  X),  X=14.  HaaaabHbie  n  rpaHHHHbie  ycaoBHa  B3aTbi  H3  [3]: 


//(0,x)  =  2  —  —  arctg(x),  <2(0,x)  =  0,  Q(t,0)  =  at,  Q(t,X)  =  (3t 

71 

B  pemeHHH  3aflanH  Bcae^CTBHe  rpaaneHTHOH  xaTacrpocfmi  b  momcht  BpeMeHH 
T~1  o6pa3yeTca  YB  (6op),  p  acn  p  o  ct  p  a  n  a  i  o  m  a  a  ca  b  n  o  a  o>x  h  Tea  b  n  o  m  HanpaBaemm 
och  x  c  nepeMeHHoii  cxopocTbio. 

B  paSoTe  paecMaTpHBaaHCb  xoHemio-oSbeMHbie  cxeMbi  WENO  3-ero  h  5-to 
nopaaxoB  annpoxcHMau,HH,  npHHaaaeacam,He  rany  roayHOBa  [5]. 

ITopaaox  exoflHMOCTH  onpe^eaaaca  c  noMombio  MeToaa  PyHre.  ,H,aa  opemcn 
tohhocth  nepe^anH  ycaoBHH  TioroHHO  Hcnoab30Baaacb  HHTerpaabHaa  HOpMa 


u 


x 


|u(t,y)dy  [4]  (u(t,y)>0). 


Phc.L  IloTOHeHHbie  (a)  h  b  HHTerpaabHoii  HOpMe  (6)  nopaaxn  cxo^hmocth 
aaa  raySHHbi  H  npn  pacaeTe  no  cxeMe  WENO  3-ero  nopaaxa  Ha  momcht  BpeMeHH 
T=E8. 
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H3  rpa(J)HKOB  Ha  pnc.l  bh^ho,  hto  3a  (j)pOHTOM  YB  b  oSaacTH  ee  BanaHHa 
nopaaxn  noTonenHOH  r  h  HHTerpajibHoii  R  cxo^hmocth  He  npeBtimaiOT  nepBoro. 
Pe3yjiBTaTBi  ana  cxeMbi  WENO  5-oro  nopaaxa  anaaoruHiibi.  Orcioaa  bh^ho,  cxeMBi 
WENO  b  o6meM  cnyuae  hmciot  hhuib  nepBtiH  nopaaox  cxo^hmocth  b  rnaaxoii 
aacTH  o6o6u;eHHoro  pemeHHa  3a  cjtpOHTOM  YB. 
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MATEMATHHECKOE  MO^EJIHPOBAHHE  HH/KEIIEPIIMX  CETHbIX 
KOHCTPYKIJHH  B  TETEPOrEHHOH  CPE^E 

A.A.  HeaocTyn1,  A.O.  Pa^Kee2 

1 OrEOy  BTIO  «KajiumiH2padcKuu  zocydapcm semibi u  mexmmecKuu  ymi6epcumem», 
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2  v/  V/ 
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B  aaimoH  CTaTte  onncana  obobmeHHaa  MaxeMaTH nee xaa  Moaejib  ceTHbix  opyanii 
npoMbinraeHHoro  pbidoaoBCTBa,  He  Hcnojib3yioruaa  caoacHbix  chctcm  ypaBHemm  [1], 
OnucaH  aaropHTM  ana  ee  MoaeimpOBaHHa  Ha  coBpeMeHHbix  nepcoHajibHbix  KOMnbiOTepax 
h  paooHHx  CTaHunax  b  reTeporenHOH  epeae  c  npuMeneimeivi  xax  ueHTpaabHoro,  Tax  h 
rpacjmnecxoro  npoueccopoB. 

This  article  describes  a  generalized  mathematical  model  of  commercial  fishing 
netting  without  using  complex  systems  of  equations  [1].  An  algorithm  is  described  for  its 
modeling  on  modern  personal  computers  and  workstations  tures  in  a  heterogeneous 
environment  with  both  central  and  graphics  processors. 
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npe^JiO'/KeinibiH  anropHTM  6a3npyeTca  Ha  in  ap  Hnp  h  o  -  c  t  ep  am  e  b  o  n  Moaean 
(cm.  pncyHOK)  [2],  B  aamiOH  Moaean  Kaacaoti  hhtkc  conocTaBaaeTca  ynpyrnii 
CTepacem.  12,  23,  34,  14,  a  KaacaoMy  y3ay  -  rnapHHp  1,  2,  3,  4.  ,Z],aa  yneTa 
npoTHBoaeHCTBHH  H3rH6aM  b  y3aax  b  Moaeab  BBeaeHbi  aonoaHHTeabHbie  CTepamn 
13,  24.  YaaHHeHHe  CTepama  3aBHCHT  ot  cnabi  HaTaaceHna  (1).  B  pa3pa6oTaHHOM 
aaropHTMe  peinaeTca  saaana  MHHHMH3an,HH  aByx  rpynn  oaHOTHnHbix  (j)yiiKHHH  (2)  h 
(3),  CBa3biBaiOH],Hx  cnaoBbie  h  reoMeTpnnecKne  xapaKTepHCTHKH.  B  rpynne  (2) 
xaacaoMy  y3ay,  a  b  rpynne  (3)  KaacaoMy  CTepaono  CTaBHTca  b  cooTBeTCTBne  CBoa 
cjiyiiKuna. 


A L  =  f(E,L0,Fy,A) 

n  _ 

/. 

f2=L0  +  AL-D:: 


y  F+F  +F  +R 

Lu  V  g  a 

j= 1 


(1) 

(2) 

(3) 


PncyHOK.  lIlapHHpHO-CTepacHeBaa  Moaeab  anen 


rae  a L-  yaanHeHne,  lo-  aJinHa  hhtkh  b  CBoOoaHOM  cocToaHnn,  E  -  Moayab 
ynpyrocm,  A  -  naonjaab  ceneHna,  p-  cnaa  HaTaaceHna  (cm.  pnc.),  p-  cnaa 
Taacecm,  p  -  apxnMeaoBa  cnaa,  R  -  rnapoanHaMnnecKaa  cnaa,  d  -  paccToamie 

a  ij 

Me >Kay  y3aaMH,  n  -  KoannecTBO  HHu,naeHTHbix  y3ay  CTepacHen. 

PaSoTa  BbinoaHeHa  npn  noaaepaoce  rpaHTa  PO<J>H  N°  1 1-08-00096-a. 
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/JETAJIbHOE  HHCJIEHHOE  MO^EJIHPOBAHHE  rEO<t>HJH>TPAIJHH 

HA  EOJHjUIHX  TEPPHTOPHHX 

A.n.  HHKOJiaeB,  JI.A.  HHKOJiaeB 

OOO  'Teoduu  ",  2.  Mocnea,  P occur, 
info@geodin.ru 

IIpeanaraeTca  auxopHTM  aeTaabHoro  MoaeanpoBaHHa  reo({)HHbTpauHH  Ha  6ojibniHx 
TeppHTopnax,  nocTpoeHHbiH  Ha  TexHoaorirax  npocTpaHCTBeHHoro  pacnapaanenHBaHHa  h 
"wiki-modelling". 

The  text  reveals  the  algorithm  of  detailed  geofiltration  modelling  over  large  areas 
based  on  the  technologies  of  spatial  parallelism  and  "wiki-modelling". 

,Z],aa  nporao3a  H3MeHeHHa  peacmvia  noa3eMHbix  Boa  npn  CTpOHTeabCTBe  h 
3KcnnyaTau,HH  3aannh  h  coopyaceHHH  TpebyeTca  pa3pa6oTKa  aeTaabiibix 
TpexMepHbix  HHcnemibix  ivioaeaeii  reotjmabTpaitHH,  MaKCHManbHO  yHHTbiBaiomux 
TexHoreHHbie  B03aeiicTBHa,  KaK  HenocpeacTBemro  Ha  yaacTKe  CTpOHTeabCTBa,  TaK  h 
Ha  OKpy/Kaiouteii  TeppHTOpHH  [1],  ^eTanbiiocTb  rnaporeoaornnecKnx  ivioaeaeii 
mo'/Kiio  oxapaKTepH30BaTb  KoanaecTBOM  SaoKOB  ivioaean  Ha  eaminuy  aaHHbi, 
HanpHMep  Ha  1  MHaio  -  bpm  (blocks  per  mile).  Ecan  aaa  pemeHHa  3aaaa 
pernoHaabHOH  opeHKH  pecypcoB  noa3eMHbix  Boa  aocTaTOHHO  Moaeaeii  c 
pa3pemeHHeM  1-5  bpm,  to  aaa  3aaaa  THaporeoaorHaecKoro  oSocHOBamia  npoeKTOB 
ropoacKoro  CTpOHTeabCTBa  onTHMaabHbiM  mo>kho  caHTaTb  pa3pemeHHe  Moaean 
5000  bpm,  T.e.  pa3MepOM  6aoKa  b  0.3  m.  B  3tom  cayaae  b  npeaeaax  CTpoiinaomaaKH 
Moryr  6bitb  aocTaTOHiio  tohiio  CMoaeanpOBaHM  HraocJtHabTpbi,  CKBaacHHbi,  TOHKHe 
orpaacaeHHa  KOTaoBaHOB  h  MHorne  apyrne  B03aeiicTBHa  [2], 

MoaeanpOBaHHH  Ooabmnx  TeppHTOpHH  npeaaaraeTca  caeayioutHH 
aaropHTM,  peaaroyiomHH  Texnoaormo  npocTpaHCTBeHHoro  p ac n ap aa a ea h b a n h a 
BBiHHcaeHHH : 

-  ooaacTb  MoaeanpOBaHHa  paaaeaaeTca  b  npocTpaHCTBe  Ha  aocTaTOHiio 
MaaeHbKHe  c})parivienTbi  -  KaacTepbi,  HMeioutnc  Ha  rpainmax  30hbi  nepeKpbiTHa,  T.e. 
ooaacTb  HaKpbiBaeTca  KaacTepaMH  KaK  "HepeiiHueii";  onTHMaabHbiH  pa3Mep 
KaacTepa  ana  pemcnna  aaaan  rnaporeoaornHecKoro  npornotnpoBanna  -  333*333 
6aoKa  nan  100*100  m  b  naaHe; 

-  napaaaeabHbie  pacaeTbi  b  KaacTepax  Beayrca  Ha  m ii o r o n p o h e cc o p ii o m 
BbiHHcaHTeabHOM  KOMnaeKce; 

-  Ha  KaacaoM  mare  no  BpeMeHH  b  KaaecTBe  rpaHHHHoro  3HaaeHHa  aaa  Kaacaoro 
KaacTepa  bepyrca  BbiHHcaeHHbie  ypOBHH  H3  coceaHero  KaacTepa  b  y3ae,  aocTaTOHHO 
aaaeKO  yaaaeHHOM  ot  Kpaa,  TeM  caMbiM  a b t o m ara h e ck h  peannayiOTca  rpaiinmibie 
ycaoBHa  4  poaa  [3];  30Ha  nepeKpbiTHa  KaacTepOB  npHHHMaeTca  c  yaeTOM  Hannana 
30H  BO  tviymeiiMH  B6aH3H  rpaHHitbi  h  aBaaeTca  nepeMeHHoii; 

KoanaecTBO  eanHOBpeMeHHO  BbiancaaeMbix  KaacTepOB  MO>KeT 
yBeaHHHBaTbca  npn  pacmnpeHHH  BanaHHa  npoeKTHbix  B03Mym,eHHH. 
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C c|) o p m y  a  n  p  o  b  a  n  b  i  Tpeoo Banna  k  TexHoaornn  MoaeanpOBaHHa: 

-  bo3mo>khoctb  MoaeanpOBamia  TeppHTOpHH  iieorpaiiMHemioro  pa3Mepa; 

xpaHeHHe  aeTaabHoii  Moaean  h  BbinoaHeHHe  pacneTOB  Ha 
u,eHTpajiH30BaHH0M  BBiHHCJiHTejitHOM  pecypce  (U,BP); 

-  noaroTOBKa  h  nepeaana  yaaaeHHbiMH  onepaTOpaMH  Ha  U,BP  hcxo^hbix 
aaHHbix  no  ynacTKaM  aeTaabHoro  MoaeanpOBamia  KOHKpeTHBix  oobcktob 
CTpOHTejitCTBa  -  ^aHHBie  o  reojiorHnecKOM  CTpoeHHH  h  rHaporeoaorHnecKHx 
ycjiOBHax  no  pe3ym.TaTaM  hobbix  HHaceHepHO-reoaorHnecKHx  H3biCKaHHH, 
napaMeTpBi  h  3Tanti  CTpOHTejiBCTBa  h  3KcnjiyaTau,HH  npoeKTHpyeMoro  oobCKTa, 
cpeHapHH  nporH03HBix  pacneTOB; 

-  a b to m aTH h e c k aa  Moaepunsanna  aeTaabnon  ivioaean  h  pemeHHe  odpamon 
3aaanH  Ha  U,BP; 

-  npOH3BOflCTBO  npaKTHHeCKHX  np0rH03HBIX  BBIHHCaeilHH  Ha  TIBP; 

-  noayneHHe  peayaBTaTOB  pacneTa  Ha  U,BP  h  hx  Broyaaroapna  Ha  yaaaennoivi 
paSoneM  MecTe. 

TaKHM  o6pa30M  peaaH3yeTca  Texnoaorna  "wiki-modelling"  -  nocToaunaa 
KoaaeKTHBHaa  m  oaepunsanna  aeTaabnon  ieo  c|)  n  a  BTpa  n  n  o  n  n  o  ti  ivioaenn  c 
Hcnoab30BaHHeM  eannoro  annapaTa  MoaeanpoBanna  bccmh  onepaTOpaMH. 

AaropHTM  peaaH30BaH  b  BHae  nporpaMMbi  Tiler  c  Hcnoab30BaHHeM  ana 
pemeHHa  ypaBHeHHa  (jmabTpaiiHH  aoKaabHO-oaHOMepHoro  Memaa  h  onpodoBaHa  Ha 
TecTOBbix  npHMepax.  IIpH  3tom  pe3yabTaTbi  pacneTOB  ana  anyx  KaacTepOB  c  10% 
nepeKpbiTneM  npaKTHuecKH  coBnaan  c  pe3yabTaTaMH  pacneTa  ana  eamroH  Moaenn. 

CnucoK  jiumepamypbi: 
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nPHMEHEHHE  COOTHOIHEHHH  PACIIA/JA  PA3PBIBOB 

B  METOPE  SPH 

C.A.  Me^HH1 2,  A.H.  IlapuiMKOB1 

1OHBTPAH,2M0TH, 
me  din  @  ihed.  ms.  ru 
1 OHBT  PAH, 
parshikov  @  ihed.  ms.  ru 

npcxiCTaBJien  ycoBepmeHCTBOBaHHbiH  Mexoa  SPH,  ocHOBaHHbiH  Ha  npHMeHeHHH 
pcLueiiHa  aaaan  o  pacnaae  paipbma  b  H30TponHbix,  ynpyrax,  TeruionpoBOjuibix  h  bh3khx 
cpcaax.  PemeHbi  saaanH  no  BbicoKOCKOpocraoMy  npodHBamno,  ynapnoviy  iiarpy'/Kenmo 
nopncTbix  MaTepnanoB,  aeTOiiauHH  nopncTbix  BipbiBiaTbix  BemecTB  h  BOjmaM 
pa3pynieHHa  b  CTeioiax. 

The  modified  method  SPH  based  on  interparticle  discontinuity  breakup  relationships 
in  isotropic,  elastic,  heat-conducting  and  viscous  media  is  presented.  The  corresponding 
algorithms  are  developed.  The  various  problems  on  the  hypervelocity  impact,  the  shock 
loading  of  porous  materials,  the  heterogeneous  detonation  and  the  failure  wave  propagation 
are  considered. 

MeToa  SPH  aBJiaeTca  oecceTomibiM  jiarpaHiKeBbiM  HHcneinibiM  mcto^om 
pemeHHa  ypaBHemni  MexaHHKH  cnjioiHHbix  cpea.  B  3tom  vieToae  cpeaa 
npe^CTaBJiaeTca  naSopovi  huctmh,  siianenHa  (JmtnHecKnx  nepeMeHHbix  b  KOTOpbix 
annpOKCHMHpyiOTca  b  BHae  [1] 

TYl  f  iv  .  ^ 

/(r)  =  J/(r')w(r-r\/z)r/r'  hjih  /( r.)  =  g  7  1  , 

J  Pj 

rae  c|)yiiKUHa  Wy(r;  -  r/;  h)  aBJiaeTca  c r a a>K h b a i o m h m  aapovi,  h  h  -  aHCTaimnfl 
crna>KHBanHa  vie /Kay  6a30Boii  HacTHueii  i  h  HacTHuaviH  oKpyiKeHHH  j,  npH  3tom 
oSbihho  npHHHMaeTca,  hto  |r,  -  r7l  <  2 h.  OcoSemiocTb  MeToaa  SPH  coctoht  b 

YYl  .f  (y  \ 

BbiHHCJieHHH  rpaaneHTa  nepeMeHHOH/(r;):  V/  (r(.)  =  — - — — VW1  (r.  -rph\ . 

i  Pj 

3to  Bbipa>KeHHe  no3BOJiaeT  3anHcaTb  npaBbie  uacra  ypaBHeHHH  coxpaneiiHH  b 
SPH-(J)opMe.  B  CTaHaapTHOM  Memae  SPH  aaa  oSecnenemni  mohotohhocth 
pemeHHa  BBoaHTcn  HCKyccTBemiaa  Bn3KOCTb.  ABTOpaMH  npeaJio>KeHO 
yeoBepmeHCTBOBaHHe  MeToaa  SPH,  He  Tpe6yiOHiee  BBeaeHHn  HCKyecTBeHHOH 
BH3KOCTH  [2],  npH  3TOM  BBOaHTOI  B  paCCMOTpeHHe  TOHKa  KOHTaKTa  J\JIK  KBIKaOH 
napbi  nacTHu,  i  h  j.  B  stoh  TOHKe  H3  pemeHHn  3aaanH  o  pacnaae  pa3pbiBa,  TOHHoro 
hjih  npHOUH’/Keinioro,  onpeaejnuoTCfl  3iiaHeiiHH  ckopocth  U!7  h  aaBJiennfl  P,f  Ha 
Ka/Kabiii  MOMeHT  BpeMeHH.  MoaHc|)HKaunfl  CTanaapTHbix  ypaBHeHHH  SPH 
ocymecTBJMeTca  3aMeHoii  b  npaBbix  nacTux  ypaBHeHHH  nepeMeHHbix  ckopocth  h 
aaBJieHHn  b  nacTHuax  hx  3iiaHenHHMH  b  tohkc  KOHTaKTa:  U,+U/^-2U//  h 
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Pi+Pj-+2Pij*.  ,Z],na  caynaa  cpea  c  nponnocTbio  ncnoabsyeTca  af+a^—>a*R,  me 

a*R-  BbiHHCJieHHbiii  no  pemeHHK)  aanann  o  pacnaae  pa3pbiBa  BeKTOp  nanpa>Kennh  Ha 

naoipaaice,  opToroHaabHoii  k  HanpaBJieHHio  R  ot  nacTnn,bi  i  k  nacTnpe  j.  npn 
pemeHHH  saaan  TenaonpOBoaHOCTH  aaa  Bbmncaenna  TenjiOBbix  noTOKOB  b 
KOHTaKTHpyK)Hi,Hx  wacmnax  ncnoab3yeTca  KOiiTaKTiiaa  TeMnepaTypa  H3  pemeHna 
3aaann  o  pacnaae  TeMnepaTypHoro  pa3pbiBa 

t; = (t;  Vva  +  t}Vva)/(V^ + VVA)  • 

^Jia  TCHeilMH  BB3KHX  BCHflKOCTeH  CKOpOCTb  B  TOHK6  KOHTaKTa  BbIHHCJIBeTCB  nO 
aHajiorHHHoii  (J)opMyjie  (npH  noacTaHOBice  K03(J)cjDHu,HeHTa  bb3kocth  rj  bmccto  XCy ). 
^jia  nepeHMcaemibix  cpea  -  H30Tpomn>ix,  ynpyrnx,  TcnaonpoBoanbix  h  bb3khx  - 
npHBOflBTca  pemeHHB  tcctobbix  3aaan. 

MOflH4)HU,HpOBaHHbIH  MCTOfl  SPH  6bIJI  3(j)(j)eKTHBHO  npHMCHeH  flJIB 
Me30MexaHHHecKoro  MoaeanpoBanna  caoacHbix  Tenennh,  b  KOTOpbix 
MHoroKOMnoHeHTHaa  CTpyKTypa  reTeporeHHbix  MaTepHajiOB  3aaaeTca  MHorocBa3Hon 
ooaacTbio  h  Me30CTpyKTypa  MaTepnaaa  npeacTaBaaeTca  b  bbhom  Bnae.  B  nan  no  m 
aomiaae  npeacTaBaeHbi  pe3yjibTaTbi  m 63 o m e x a n h h e c k o r o  m oaea n  po  Ban  n  a  npoOnraa 
nperpaa  yaapnnKaivin,  pacnpocTpanenna  yaapnmx  bojih  b  nopHCTOM  aaioivinnnn  h 
nocTpoeHHB  yaapHbix  aana6aT  nopHCToro  BemecTBa  no  H3BecTHon  aana6aTe 
cnjioniHoro  BemecTBa,  npopeccoB  aeTOHaann  nopHCTbix  B3pbiBnaTbix  BeipecTB,  a 
TaKBce  pe3yjibTaTbi  MoaeanpoBanna  Boan  paapymenna  b  CTeicaax.  Bo  Bcex 
nepewncaemibix  caynaax  MeToa,  noKa3aa  xopomee  coBnaaenne  pacneTiibix  h 
3KcnepHMeHTaabHbix  aannbix. 
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O  /JPOEHOH  CTEIIEHH  PA3HOCTHOrO  OIIEPATOPA 
BTOPOrO  nOPH^KA  /JJUI  OBBIKHOBEHHOrO 
^HOOEPEHI^HAJIBHOrO  YPABHEHPTB 

H.A.  Hjibhh1,  ,Z],.C.  HomeHKO2,  A.C.  IlepeiKorHH1'2 

1  Hue  mu  my  m  ko  cm  o  (p  u  3U  h  cckux  uccjiedoeauuu  u  pa  cnpo  cm  pa  u  eu  ur  paduoeojm  ffBO 
PAH-  n.napamyuKa,  KajvmamcKuu  upaii,  P occur, 
d721 56 @  gma  il.  com 

KaMHamcKuu  zo cydapcm eenuu u  yuueepcumem  mteuu  Bumyca  Eepuuza  - 
nemponaejioecK-KaMuamcKuu,  Poccur 

npeano'/Ken  noaxoa  a^a  HHCJieHHoro  aaa  ypaBHeHHH  c  apodnon  npoH3BO^HOH 
nopaaKa  ot  1  /jo  2.  B  hhcjichhoh  cxeMe  pememia  odBiKHOBemioro  aH^epeHipiajibHoro 
ypaBHeHHa  BToporo  nopaaKa  MoaHcjmuHpoBana  ocHOBHaa  MaipHiia  chctcmbi  rjir  cnynaa 
CTeneHH  3/2.  npuBcaeiibi  pe3yabTaTBi  HHcaennoro  pememia  aaa  chctcmbi  c  apodiibiM 
onepaTopoM,  KOTOpBie  coBnaaaiOT  c  pemeHHeM  ana  onepaTOpa  KanyTO. 

Numerical  method  for  solving  ordinary  differential  equations  of  the  order  from  1  to  2 
is  represented.  In  the  numerical  scheme  for  solving  ordinary  differential  equations  of  the 
second  order  the  basic  matrix  of  the  system  is  modified  for  3/2  order.  The  results  of 
numerical  solutions  for  linear  system  matches  to  Caputo's  fractional  operator. 

MaTeMaTHuecKoe  MoaeanpOBamie  (j)H3HuecKHx  npopeccoB,  KOTOpBie 
oojiaaaiOT  (jipaKTajiBH bi m h  CBOHCTBaMH,  BBinoaHaeTca  c  noMomBio  annapaTa 
apoSHoro  flHcj)(J)epeHu,HpOBaHHa  [1],  Kpyr  cf)H3HHecKHx  3aaan,  b  kotopbix  B03HHKaiOT 
onepaTOpBi  apoSHoro  ancjKjiepeHitHpOBaHHa,  aocTaTomio  nmpOK,  HanHHaa  ot  3aaan 
TeopHH  ynpyrocTH  ao  an(j)cj)y3HOHHO-BonHOBBix  npopeccoB  [2], 

HHCJieHHoe  pemeHHe  oSbikhobchhoto  ancj)(j)epeHii,HajiBHoro  ypaBHeHHa  c 
MOflH(|)HU,HpOBaHHOH  MaTpHU,eH,  COOTBeTCTByK)IH,eH  flpoSHOH  CTeneHH  pa3HOCTHOTO 
onepaTOpa  nepBoro  nopaaKa,  6biho  paccMOTpeHO  b  [3],  B  HacToam,eii  paSoTe 
HcnoaB3yeTca  3aaaua  Komn  ana  ypaBHeHHa  BToporo  nopaaKa  c  HananBHBiMH 
ycaoBHaMH  npn  nocTpoeHHH  apoSHoro  aHaaora  pa3HOCTHoii  chctcmbi  b  cjiynae 
neueaoro  nopaaKa  3/2.  HnejieHHoe  pemeHHe  ana  aamioii  saaauH  6yaeM  HCKaTB  H3 
CHCTCMBI  HHHeilHBIX  aJITeSpaHHeCKHX  ypaBHeHHH.  H3  OCHOBHOH  MaTpHU,BI  CHCTeMBI, 
KOTOpaa  eooTBeTCTByeT  pa3HOCTHOMy  onepaTOpy  BToporo  nopaaKa,  nocTpoeHa 
Moan^HitHpOBaHHaa  MaTpHita  Ha  ocHOBe  apoSHoii  CTeneHH  MaTpnu,Bi  pa3HOCTHoro 
onepaTOpa  nepBoro  nopaaKa. 

Ha  pHcyHKe  1  npHBeaeHBi  HHcaemiBie  pacneTBi  ana  aByx  Jinnehiibix 
anreopaHHecKHx  c  n  ctc m  c  hcubim  nopaaKOM,  paBHBiM  2,  h  apooimiM  nopaaKOM  3/2. 
B  cjiynae  apoSHoro  nopaaKa  pemeHHe  npeacTaBJiaeT  co6oii  3aTyxaiom,He 
Koaeoaima  co  CTenemmiM  3aTyxaHHeM.  HHCJiemioe  pemeHHe  chctcmbi  3/2  nopaaKa 
coBnaaaeT  c  pemeHHeM  3aaann  Komn,  b  KOTOpoii  B3aMeH  KJiaccmiecKOH 
npOH3BoaHoii  HcnoaB3yeT  npOH3BoaHaa  Kanyro  [2], 
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Pnc.  1.  HHCJieHHoe  peineHne  ypaBHeHnii;  +  —  nopa^OK  onepaTOpa  paBeH  2; 

x  —  nopa^oic  onepaTOpa  paBeH  3/2. 

H3  CTpyKTypti  cncTeMti  jiHHenHbix  ypaBHeHHH  ycTaHOBJieHO,  hto  BBinncneHne 
pemeHna  Ha  nocjie^yiomHx  rnarax  3aBncnT  ot  Bcex  npenhiayiiiHx  3HaHeHnn 
pemeHna.  B  thkom  cjiynae,  cncTeMa  oSnanaeT  naMaTtio,  ho  B03HHKaiOT  tojibko 
3aTyxaK>mne  peinemia  b  cjiynae  ^poShoto  nopa^xa  ot  1  ^o  2. 

PaSoTa  BbinoaHeHa  npn  (f)HHaHCOBOH  nofl^epacice  MnHHCTepCTBa  o6pa30BaHHa 
h  HayKH  PO  b  paMKax  nporpaMMBi  CTpaTernnecKoro  pa3BHTHa  OrBOY  BIIO 
"KaMwaTCKHM  rocyflapCTBeHHbiH  yHHBepCHTeT  HMeHH  BnTyca  BepHHra"  Ha  2012- 
2016  rr. 


CnucoK  jiumepamypbi: 

1.  HaxymeB  A.M.  ,H,po6Hoe  HCHHCJiemie  h  ero  npnMeHeHHe.  M:  OH3MATJ1HT, 
2003. 

2.  TapacoB  B.E.  Mo^erra  TeopeTnnecKon  (|)H3hkh  c  HHTerpo-flH^^tepeH- 
pnpOBaHHeM  ^poShoto  nopa/pca.  MocKBa,  HaceBCK:  PX^,  2011.  -  568  c. 

3.  Hjibhh  H.A.,  Homemco  ^.C.,  IlepeacorHH  A.C.  O  ppoSHoii  CTeneHH  pa3HOCTHoro 
onepaTOpa  paa  oSbikhobchhoto  pn(j)(J)epeHu,Hajn>Horo  ypaBHeHHa  //  CSopHHK 
poioiapoB  BTOpoii  MeacpyHapopHon  KOH(j)epeHu,HH  mojiopbix  yneHbix 
“MaTeMaTHnecKoe  MopennpOBaHne  (})paKTajn>Hbix  npopeccoB,  popcTBeHHBie 
npoSaeMBi  aHaaroa  h  mnjDopMaTHKn”.  r.  HajibnnK.  2012.  C.  107-109. 
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HHCJIEHHOE  PEUIEHHE  HEKOTOPbIX  CMEIHAHHBIX  KPAEBMX 
3A/JAH  B  KJIHHOBH/JHBIX  OBJIACTHX 

K>.M.  PannonopT 

MHcmumym  aemoMamu3auuu  npoeKmupoeamm,  PAH  -  MocKea, 

jmrap  @  landau,  ac.  ru 

Pa3pa6oTaH  anropHTM  hhcjichhoio  pemeHHa  neKOTopbix  CMemaHHbix  xpacBbix 
3aaan  m axe m aT h h ecKO h  (J)H3hkh  nyreM  Hcnojn>30BaHHa  HHTerpajibHbix  npeo6pa30BaHHH 
KoiiTopoBHHa-JleScacBa  h  napHbix  HHTerpajibHbix  ypaBHeroni.  AaiIbI  npHjioaceHHa  k 
HHCJieHHOMy  pemeHHio  ypaBiieiiHH  TejibMrojibiia  b  rjikhobh^hbix  ofijiaerax. 

The  new  applications  of  modified  integral  Kontorovitch-  Lebedev  transforms  for  the 
solution  of  some  problems  of  mathematical  physics  are  given.  The  algorithm  of  numerical 
solution  of  some  mixed  boundary  value  problems  for  the  Helmholtz  equation  in  wedge 
domains  is  developed. 


IlapHbie  HHTerpajibHbie  ypaBiienna  c  c|)ynKunefi  MaK^OHajib^a  MHHMoro 
HH^eKca  Kir  (A)  b  a,ape  6bijih  BBe^eHbi  Jlefie^eBbiM  h  CicajibCKOH  [  1  ] 

poo 

M  (r)Ttanh(aT)KiT(kr)dT  =  rg(r),  0  <r  <a, 

J  0 

poo 

f  M(r)KiT(kr)dT  =  f(r),r>a, 

J  0 

r^e  g(r )  h  f(r)  -  sa/tamibie  cJiyiiKunn.  Ohh  noKa3ajiH  [1],  hto  pemeHHa  othx 

ypaBHeHHH  MoryT  6bitb  onpeaeaeiibi  b  bhh6  o^HOKpaTHbix  KBanpaTyp  ot  pememni 
HHTerpajibHbix  ypaBHeHHH  Ope^rojibMa  BTOporo  po/ta  c  c m m m e t p h h ii b i m  aapovi, 
co/tep/KamHM  c|)yiiKHHio  MaK^onaabna  KOMnjieKCHoro  nopa/nra  KV2+iT(x) 

=  2^(2)sinh(^)  ( }  (kt)d 

7isqrt(7t)simaTy° 

poo 

y/(t)  =  hit)  -  K(s,t)y/(s)ds,a<t  <oo, 

J  0 

r^e  ReKl/2+iT(z)  -  BemecTBeHHaa  nacTb  (J)yHKu,HH  MaK^OHajib^a  KOMnjieKCHoro 
nopa^Ka  1  /  2  +  ir .  B  cjiynae  g(r)  =  0 


p  oo 

-J  Qi//(t)ReKl/2+iT(kt)dt, 


hit )  =  - 


sqrt(k)exp(kt )  d  rcoexp(-^r)/(r) 


'  ReKM7+ir  (kS)ReKU2+ir  (  W  T. 


n  dtJo  sqrt(r-t) 

K(st)  =  1  J«smh| R 
7TJ0  sinh(<2r) 

Aaiibi  npHJioaceHHa  HHTerpajibHbix  npeo6pa30BaHHH  KoiiTopoBHHa-JleoeaeBa 
h  napHbix  HHTerpajibHbix  ypaBHeHHH  k  pemeHHio  CMemaHHbix  KpaeBbix  aajiaH. 
3a^aHH  ^H(J)(j)y3HH  h  ynpyrocTH  CBO^aTca  k  pemeHHio  eooTBeTCTByiomeH 
CMemaHHoii  KpaeBoii  3anaHM  jyia  ypaBHeHHa  T ejibMrojibpa 

Am  -k2u  =  0,  —  l^±a>0<r<fl  (r)  =  g(r),  u\9=±ar>a  (r)  =  /(r). 
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u  lr=>0  -  orpaiiHHeno,  u  |r=>00  -  orpaiiHHeno. 

PemeHHe  3aflaHH  KaK  nojiyneHO  Jlefie/teBBiM  onpe^enaeTca  b  BH^e 
HHTerpajiBHBix  npeo6pa30BamiH  KoiiTopoBHHa-JTeoeaeBa 

u{r,(p)=\  M(t)  cos^r  KiT(kr )dr, 

J0  cosh  ar 

r^e  M(r)  cctb  pemeHHe  napHoro  HHTerpajiBHoro  ypaBHeHHa. 

npoBe^eHO  HHCJieHHoe  pemeHHe.  IIpe,zt.Jio>KeHBi  3KOHOMHBie  mctoabi 
BBiHHCJieHHa  aaep  HHTerpajiBHBix  ypaBHemiH,  ocHOBaHHBie  Ha  kb sljsjp aTypHBix 
(j)opMyjiax  T aycca  no  y3JiaM  hojihhomob  JIareppa.  /fra  yBejiiiHeniin  tohhocth  h 
OBICTpOaeHCTBHH  aJITOpHTMOB  HCn0JIB30BaHBI  npOU,eflypBI  npe^BapHTeJIBHOrO 
npeo6pa30BaHHa  mnerpanoB  h  BBi^ejieHHa  ocoSemiocTH  b  no^HHTerpajiBHOM 
BBipa>KeHHH.  PaccMOTpeHBi  cjiynan,  nonycKaiomue  nojiHoe  anajiHTHwecKoe  pemeHHe 
3aflaHH.  PaCCMOTpeHHBie  npHMepBI  ^eMOHCTpHpyiOT  3(|)(f)eKTHBHOCTB  3TOH  MeTOflHKH 
npn  HHCJieHHOM  pemeHHH  CMemammix  KpaeBBix  lanaa  ^Jia  ypaBiieimn  T ejiBMrojiBpa 
b  kjihhobh^hbix  oSjiacTax,  b  tom  hhcjic  sa/ian  ynpyrocTH  H  ropeiiHH  [2], 
Pa3MepHOCTB  saaaHH  npn  HcnojiB30BaHHH  yKa3aHHoro  noaxoaa  iioiiH/KaeTCH  Ha 
eflHHHpy,  hto  aBJiaeTca  cymecTBeHHBiM  npeHMymecTBOM  stoto  ivieTona.  /(ana 
opemca  norpeniHOCTH. 

PaooTa  BBinojiHeHa  npn  nojmep'/KKe  T c m ara h e c k o h  nporpaMMBi  no  oSpanibiM 
saaanaM  h  Hioopa/KeimuM  Ohji^cobckoto  HHCTHTyTa. 

CnucoK  jiumepamypbi: 

1.  H.  H.  JleSe^eB,  H.  IT.  CKajiBCKaa,  "IlapHBie  HHTerpajiBHBie  ypaBHemw, 
CBH3aHHBie  c  npeo6pa30BaHHeM  KoHTOpOBmia-JIefiefleBa  npHKJi.  MaTeM.  h 
MexaH.  38,  no.6  (1974)  1090-1097. 

2.  J.  M.  Rappoport,  "Dual  integral  equation  method  for  some  mixed  boundary  value 
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Congress,  World  Scientific,  2005,  pp.  167-176. 
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MOHOTOHHBIE  BBICOKOTOHHBIE  KOMIIAKTHBIE  CXEMBI 

EEryiijEro  cheta  rjw  mhoeomephbix  ypabhehhh 
rHIIEPBOJIHHECKOrO  THIIA 

1  2  3 

B.B.  PoroB  ,  C.B.  Ytk»khhkob“,  A.B.  Hhkhtkhh 

!M JIM  um .  M.B.Kejidbiwa,  MOTH, 
rogov@post.ru 

2  MOTH, 

S.  Utyuzhnikov@manchester.ac.  uk 

3  MOTH, 

chikitkin  @  rambler,  ru 

A-'ifl  KBasHjiHHeHiibix  MiioroMepiibix  rnnepdoiiHHecKHx  ypaBHeHHH  npeacTaBaenbi 
KOHCepBaTHBHbie  a6cOJIIOTHO  yCTOHHHBblC  KOMnaKTHbie  pa3HOCTHbie  CXeMBI,  MOHOTOHHBie 
b  HiHpoKOM  anaiiasone  3iiaHeiiHH  aoKanbHoro  nncjia  Kypanra.  Ohh  hmciot  HeTBepTbiii 
nopaaoic  annpoKCHiviauHH  no  Kaaqjoii  Koopamiare  Ha  raaaKHx  pemeHnax.  CxeMbi 
3KOHOMHHHBI  h  peinaiOTca  SerymHM  cneTOM  no  npocTpaHCTBeHHBiM  nepeMeHHbiM. 

Monotone  compact  conservative  difference  schemes  are  presented  for  solving 
quasilinear  multidimensional  hyperbolic  equations.  The  schemes  have  a  fourth-order  of 
approximation  on  smooth  enough  solutions  in  each  space  direction  and  can  be  used  in  a 
wide  range  of  local  Courant  numbers.  The  presented  schemes  are  numerically  efficient 
thanks  to  a  simple  two-diagonal  structure  of  the  matrix  to  be  inverted. 

B  nacToamee  Bpeivm  mnpoicoe  pacnpocTpanenne  nojiymum  ^ByxcjiOHHBie 
pa3HOCTHBie  cxeMti  noBbimeHHoii  tohhocth  .ztJia  CKB03Horo  pacneTa  pa3pBiBHBix 
pemeHHH  rnnep6ojiHnecKHx  chctcm  3aKOHOB  coxpaHemia  [1],  IIpH  nocTpoeHHH 
TaKHx  cxeM  ochobhbim  npHHTTHnoM  aBjiaeTca  H3BecTHaa  TeopeMa  06  orpanHHennn 
nopaaKa  annpOKCHMau,HH  ^ByxcjiOHHBix  mohotohhbix  jiHHeiiHBix  cxeM  [2],  B 
o630pHoii  CTaTte  [3],  nocBanteHHoii  npoSaeMe  nocTpoemia  mohotohhbix, 
KOHCepBaTHBHBIX  BBICOKOTOHHBIX  pa3HOCTHBIX  CXCM  flJia  ypaBHCHHH 
THnepSojinnecKoro  rana,  OTMeneHO,  hto  nepcneKTHBHBiM  HanpaBJieHHeM 
pa3pa6oTKH  TaKHx  cxeM  aBjiaeTca  hx  noncK  cpe^H  cxeM,  oSna^aiomHx 
KOMnaKTHOCTBio  npocTpaHCTBeHHoro  maSjiOHa,  T.e.  cpe/tH  TaK  Ha3BiBaeMBix 
KOMnaKTHBix  cxeM  [4],  Cpe/m  KJiacca  KOMnaKTHBix  cxeM  nanSoaBUJHH  HHTepec 
npeacTaBnaiOT  c n m m e Tp h h n b i e  cxeMBi  neTiioro  nopa^ica  annpOKCHMau,HH  no 
npOCTpaHCTBeHHBIM  He3aBHCHMBIM  nepeMCHHBIM,  BCJie^CTBHe  BaaCHOTO  CBOHCTBa: 
nopa^KH  hx  KaaccHnecKOH  annpOKCHMau,HH  Ha  rjia^KHx  pemeHnax 
THnep6oaHHecKOH  chctcmbi  3aKOHOB  coxpaHemia  h  cjia6oii  annpOKCHMau,HH  Ha 
pa3pBiBHBix  pemeHnax  coBna^aiOT  [5]. 

B  paSoTe  npeaao'/Kena  KOMnaKTHaa  pa3HOCTHaa  cxeMa  #jia  HHcaemioro 
pacneTa  MHoroMepHBix  HecTau,HOHapHBix  ypaBHemni  h  chctcm  ypaBHemni 
THnepSoannecKoro  rana.  IIpH  ee  nocTpoeHHH  Hcnojn>3yiOTca:  1)  ^HBepreHTHBie 
^H(J)(J)epeHu,HajiBHBie  cae^CTBHa  hcxo^hbix  ypaBHemni,  Taicace  B3aTBix  b 
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flHBepreHTHOH  cf)OpMe,  2)  MeTOfl  npaMbIX,  3)  HHTerpO-HHTepnOaail,HOHHbIH  MeTOfl  B 
npe^enax  o^hoh  npocTpaHCTBeHHoii  ceToaHoii  aaenxn.  IIocjieflHee  03HaaaeT,  hto 
aannaa  cxeMa  aBaaeTca  #ncxpeTH3aii,HeH  HHTerpaabHbix  3aKOHOB  coxpanenna. 
Eaaroflapa  TaxoMy  cnocoSy  nocTpoeHna  3Ta  cxeMa  yHacae^OBana  y  CBoero 
o^HOMepHoro  aHaaora  [6]  p a,n  BaacHbix  cbohctb:  1)  OHa  HMeeT  aeTBepTbiii  nopa^ox 
annpOKCHMau,HH  no  xaac^oii  npocTpaHCTBeHHoii  nepeMeHHon  Ha  maSaoHe, 
cocToameM  H3  neyx  neabix  y3aoB,  Ha  raaaKHx  pemeHHax,  noaTOMy  pa3HOCTHbie 
ypaBHeHHa  cxeMbi  Moaoio  pemaTb  mcto^om  6erym,ero  caeTa;  ^pyrHM  cae^CTBHeM 
aBaaeTca  coxpaHeHHe  nopa,nxa  tohhocth  cxeMbi  Ha  HepaBHOMepHoii 
npocTpaHCTBeHHoii  ceTxe,  cocToamen  H3  peabix  y3aoB;  2)  cxeMa  HMeeT  TpeTHH 
nopaaox  annpoxcHMau,HH  no  BpeMeHH  Ha  raa^xnx  pemeHHax,  OHa  aBaaeTca 
TpexcTa^HHHOH,  a  Ha  xaac^oii  CTaann  -  aByxcaoHiiOH;  npeaao'/xeiibi 
npocTpaHCTBeHHO-aoxaabHbie  BecoBbie  cJiynKmm,  6aaroaapa  xoTOpbiM  nopaaox 
annpoxcHMau,HH  cxeMbi  no  BpeMeHH  noHHacaeTca  c  TpeTbero  po  nepBoro  Bdaron 
pa3pbiBOB;  3)  HHcaemibie  SKcnepHMeiiTbi  noxa3aan,  hto  cxeMa  HMeeT  MOHOTOHHbie 
HHcaemibie  pemeHHa  b  TaxoM  ace  ninpoxoM  ananaaone  aoxaabHbix  ancea  KypaHTa, 
aTO  h  ee  oflHOMepHbrii  aHaaor  [6];  4)  cxeMa  aScoaiOTHO  ycToiiaHBa;  5)  cxeMa 
xoHcepBaTHBHa;  6)  cxeMa  axoHOMHaHa. 

PaSoTa  BbinoaHeHa  npn  (jmHaHCOBoii  noA^epacxe  rpaHTa  IIpaBHTeabCTBa  Pd> 
no  nocTaHOBnemno  N  220  "O  Mepax  no  npHBaeaeHHio  Bejiyninx  yaeHbix  b 
poccHHCxne  o6pa30BaTeabHbie  yapeac^emia  Bbicmero  npocjieccHOHaabHoro 
o6pa30BaHna"  no  ^oroBOpy  N2  1 1.G34. 3 1.0072,  3axaioaeHHoro  Meac^y 
MnHHCTepCTBOM  o6pa30BaHHa  h  Hayxn  P<h,  Be/iyTiTHM  yaeHbiM  h  Mocxobcxhm 
^H3HXO-TeXHHaeCXHM  HHCTHTyTOM  (TOCyflapCTBeHHblM  yHHBepCHTeTOM). 
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3.  Xono^OB  A.C.,  Xoao^OB  Si. A.  //  3KBMhMO.  2006.  T.  46.  M>  9.  C.  1638-1667. 
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6.  MnxaiiaoBCxaa  M.H.,  Potob  E.B.  //  3KBMhM<P.  2012.  T.  52.  M>  4.  C.  672-695. 

B.V.  Rogov1,  S.V.  Utyuzhnikov2,  A.V.  Chikitkin3 
«Monotone  High-Order  Accurate  Compact  Running  Scheme  for  Multidimensional 
Hyperbolic  Equations)) 

Keldysh  Institute  of  Applied  Mathematics,  Moscow,  Russia,  rogov@post.ru 

2 

. Moscow  Institute  of  Physics  and  Technology,  Moscow  Region,  Dolgoprudny,  Russia, 
S.Utyuzhnikov@manchester.ac.uk 

‘  Moscow  Institute  of  Physics  and  Technology,  Moscow  Region,  Dolgoprudny,  Russia, 
chikitkin  @  rambler,  ru 


Distribution  A:  Approved  for  public  release;  distribution  is  unlimited. 


93 


CETOHHBIE  METO/JBI  PEIHEHHfl  CIIEKTPAJIbHMX  3A/JAH 

C.H.  CojioBbeB1 

1 Ka3dHCKuu  (IlpueoRDtccKuu)  (fiedepajibHbiu  ynueepcumem, 

sergei.  solovyev  @  ksu.  ru 

BapHaimoHHaa  3anana  Ha  codcTBemibie  3HaneHHa  b  decKOHeuHOMepHOM 
rHjit.6epTOBOM  npocTpaHCTBe  an  npo  kc  h  m  upyexca  3aaaLien  b  KoneHiiOMepnoM 
noanpocTpancTBe.  HccneayeTca  cxo^hmoctb  h  norpeniHOCTb  npndnHnceHHBix  pememm. 
06  m  He  pe3yjibTaTbi  HJunocTpnpyiOTca  Ha  npHMepe  cxeMbi  MeTona  kohchhbix  'vneiYieiiTOB  c 
HHCJieHHbiM  HHTerpnpoBaHHeM  .zyia  nH(])(l)epeHUHajibiiOH  Banana  BToporo  nopaaica. 

A  variational  eigenvalue  problem  in  an  infinite-dimensional  Hilbert  space  is 
approximated  by  a  problem  in  a  finite-dimensional  subspace.  We  analyze  the  convergence 
and  accuracy  of  the  approximate  solutions.  The  general  results  are  illustrated  by  a  scheme 
of  the  finite  element  method  with  numerical  integration  for  second-order  differential 
eigenvalue  problem. 

AnnpOKCHMapiM  no  MeToay  KOHenHBix  ojicmchtob  CTpOHTca  c  noMom&io 
BapnaitHOHHon  nocTaHOBKH  ncxoflHon  3aaawH,  KOTOpaa  ecTecTBemibiM  o6pa30M 
B03HHKaeT  H3  o6o6m,eHHoii  nocTaHOBKH  fln(J)(J)epeHn,HajibHOH  3aaami.  Xopomo 
H3BecTHaa  nepBaa  neMMa  CTpeHra  cbo^ht  norpemHOCTB  arnipOKCHMaitmi  pememia 
Bapnan,noHHoro  ypaBiienna  k  oneiiKaM  norpemHOCTH  3JieMeHTa  Hannyumero 
npnSjiHJKeHHa  H3  KOHemroMepHoro  noanpocTpaHCTBa  ^jih  TonHoro  pememia  3aaanH 
n  norpemHOCTH  3aMem>i  tohhbix  SnnnHenHon  n  jiHHenHon  cjtopM  Ha 
npH6jm>KeHHBie.  3tot  pe3yjibTaT  HMeeT  cf)  y  h  a  a  m  e  n  Tan  b  n  o  e  anawenMe  ana  MCToaa 
KOHenHBix  3JieMeHTOB  h  npHMeHaeTca  npn  HceneaoBamiH  norpemHOCTH 
KOHKpeTHBix  cxeM  MeTona  KonemiBix  sneMeHTOB  c  MHcnemibiM  HHTerpnpoBaHHeM 
pemcnna  KpaeBBix  sanaa  ana  a  m|x] )  e  p  e  n  h  m  an  b  n  b  i  x  ypaBHeHHH.  AnanorMHiibiii 
pe3ynBTaT  ana  cneKTpanBHBix  aaaan  nonyneH  b  [1-3]. 

B  aoKnaae  3tot  pe3ynBTaT  (JtopMynHpyeTca  ana  saaauH  Ha  coocTBemibie 
3HaneHHa  nononcHTenBHO-onpeaeneHHOH  orpammemiOH  CHMMeTpmmoH 
SnnHHeiiHOH  cjtopMBi  OTHOCHTenBHO  BnonHe  HenpepBiBHOH  3HaKOHeonpeaeneHHOH 
CHMMeTpHHHOH  SHnHHCHHOH  (])OpMBI  b  rarbSepTOBOM  npocTpaHCTBe.  3Ta  3aaana  B 
o6m,eM  cnynae  HMeeT  noeneaoBaTenBHOCTB  OTpHpaTenBHBix  h  noeneaoBaTenBHOCTB 
nono'/KHTenbiiBix  KonemiOKpaTiibix  coSctbchhbix  maHennh.  OaHa  H3 
noeneaoBaTenBHOCTeH  MO>KeT  OTcyTCTBOBaTB  arm  6bitb  kohchhoh.  ,f[nn 
SecKOHemiOH  noeneaoBaTenBHOCTH  coScTBeHHBix  3HaneHHH  oaHoro  3Haica 
eaHHCTBeHHOH  npeaenBHOH  tohkoh  mo'/KCt  6bitb  TonBKO  SecKonemiocTb  toto  nee 
3Haica.  CoScTBeHHBiM  3HaneHHaM  eooTBeTCTByeT  opTOHOpMHpOBaHHaa  CHCTeMa 
coScTBeHHBix  sneMeHTOB,  o6pa3yiom,aa  6a3HC  b  opToroHanBHOM  aononHeHHH  k  aapy 
BnonHe  HenpepBiBHOH  SarmHeimoH  (JtopMBi.  3aaaeTca  ceMeiicTBO  KOHemiOMepHBix 
noanpocTpaHCTB  mnnSepTOBa  npocTpaHCTBa  h  pbsl  ceMeiicTBa  CHMMeTpHHHBix 
SnnHHeHHBix  cjtopM,  annpOKCHMHpyiom,Hx  mnnSepTOBO  npocTpaHCTBO  h 
SnnHHeHHBie  (JtopMBi  3aaann.  HcxoaHaa  3aaana  annpOKCHMHpyeTca  ceMeiicTBOM 
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KOHenHOMepHBix  3  an  an,  nojiyHaiomHxcH  3aMeHOH  Hcxoanbix  namibix  3anami  Ha 
npH6jiH5KeHHbie.  ^OKaaana  cxo^hmoctb  npHoaH/Keinibix  peinemrii  k  tohhbim. 
ITojiyHeHbi  oueiiKH  norpeniHOCTH  ripHoaH/Kemibix  coScTBemibix  ananeiiMH  h 
coScTBeHHbix  no^npocTpaHCTB  nepe3  norpeniHOCTH,  BHOCHMbie  b  naHHBie  npH 
annpOKCHMau,HH  3ananH.  06nme  pe3ynbTaTbi  npHMeronoTca  npH  BBiBone  opeHOK 
norpeniHOCTH  MCTona  Konemibix  ojicmchtob  c  HHcaemibiM  HHTerpnpOBaHneM  n jih 
opHOMepHon  3HaKOHeonpepejieHHoii  nnc|)(j)epeHpHajiBHOH  3ananH  Ha  coScTBemiBie 
3HaneHH^  BTOporo  nopapKa. 

H3Jio>KeHHe  pe3yjiBTaTOB  onHpaeTca  Ha  paooTbi  [1-3].  AnanorMHiibie 
pe3yjibTaTbi  cnpaBepjiHBbi  TaiQKe  pan  necaivioconpa'/Ken iibix  3apan  Ha  coScTBemibie 
3HaneHHa  [4,5]  h  HejiHHeimBix  3apan  Ha  coScTBeHHBie  3HaneHHa  [6]. 

PaSoTa  noppepacaHa  c[)ohpom  ryMbojiupTa  (Alexander  von  Humboldt 
Foundation)  h  Pocchhckhm  c[)onpoM  c])y HpaMenTaa bii bi x  HCCJiepoBamiH  (rpaHTBi  JVb 
11-01-00864,  12-01-97026,  13-01-00908) 

CnucoK  jiumepamypbi: 

1.  CoJiOBbeB  C.H.//rZ],H(]Dc[)epeHu,HajiBHBie  ypaBHemia.  2010.  T.46.  N27.  C. 1022-1032. 

2.  CoJiOBbeB  C.M.//rZ],H4)(f)epeHu,HajiBHBie  ypaBHemia.  2011.  T.47.  N28.  C.l  175-1182. 

3.  CoJiOBbeB  C.H.//^Hcj)cj)epeHpHajiBHBie  ypaBHemia.  2012.  T.48.  JV27.  C. 1042-1055. 

4.  CoJiOBbeB  C.H.//yn.3anHCKH  Ka3aH.  roc.  yH-Ta.  Oh3hko  - m aTe xiaT u h ec k u e  HayKH. 
2006.  T.  148.  JV2  4.  C.  51-62. 

5.  CoJiOBbeB  C.H .//  CeTOHHbie  mctopbi  pan  KpaeBBix  3apan  h  npHJio>KeHHa.  2010.  C. 
394-400. 

6.  CoJiOBbeB  C.H.  HejiHHeiiHBie  3apanH  Ha  coScTBemiBie  3HaneHHa. 
npH6nH>KeHHBie  MeTopbi.  LAP  Lambert  Academic  Publishing,  2011. 
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B  poioiape  roynaeTca  R-MopH(j)HKaoHa  MeTopa  Taycca  paa  pememia  chctcmbi 
jiHHehHBix  ypaBHeHHH  h  nojiyneHbi  oueiiKH  Bepyuinx  gaeiYieiiTOB. 
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R-modification  of  Gauss  method  for  solving  the  system  of  linear  equations  is  studied 
and  estimations  of  the  leading  elements  are  obtained. 


Onpe^ejieHHe.  IlycTB  k  e  N+ ,  MaTpHpa  A  e  M ^  ( R )  c  MaTpHHHBiMH 
3JieMeHTaMH  (A).  •  e  /?,  3aHyMepOBaHHBiMH  napoii  mincKCOB  i,  j  =  \,k .  IlycTB 

BeKTOpa-CTOJi6u,Bi  x,  b  e  c  k  o  o  p  /m  h  utu m h  (x)-,(b)-  e  R,  3 airy Mep OBaHHBiMH 
HH^dCCOM  i  =  \,k. 

R-MOflH(J)HKau,HeH  MeTO^a  Taycca  a jm  pemernM  chctcmbi  jihhchhbix 
ypaBHeHHH  (c  MaTpHiteii  A ,  npaBoii  uacTBio  b  othochtcjibho  HeH3BecTHoro  x )  : 

£(A)„- «,=(&)„  Vi  =  u  (1) 

1<  j<k 

Ha3BiBaeTca  ajiropHTM,  OTjnmaiomHHai  ot  MeTO^a  Taycca  BBiSopOM  Be/tymero 
3JieMeHTa  n  -ro  mara,  r^e  n  =  1,  k  - 1 .  IlycTB  A^0)  =  A ,  b *0)  =  b . 

BexyutHM  3JieMeHTOM  n  -ro  mara,  me  n  =  1,  k  - 1 ,  nasBrnaeTca  m aTp h h n  bi ii 

3JieMeHT  MaTpHitBi  A*'  ,  ueii  HOMep  (i0,j0)  aBJiaeTca  nepBBiM  b 

jieKCHKorpatJtHuecKOM  nopa^Ke  h  ueii  MOflyjiB  MaKCHManeH  cpe^H  MOflyjieii 
MaTpHHHBIX  3JieMeHTOB  (A("  ^).  ,  T^e  1,  j  =  njc  . 

IlycTB 

w  =  (A("_1)).  ,  r  =|w  1=  max  (A("_1)).  .  .  (2) 

Ecjih  wn  =  0 ,  to  anropHTM  3aicaHHHBaeT  paSoTy  c  cooSmemieM:  “MaTpHpa  A 

BBiponc^eHa”,  HHaue  BBimrcjimoTOi  Maipnita  Ain)  h  BeKTOp-CTOJiSeu,  b(n) .  3th 
BBiHHCJieHHa  aanaiOT  n  -bih  mar  R - m on h c{) h ra h h h  MCTona  T aycca. 

BHauane  3a^a^HM  A(n)  =  A(n_1),  b(n)  =b(n~1) .  Ecjih  i0  ^  n,  to 


'"O’ 


Ecjih  y0  ^  n ,  to 


(T"')Uo  =  (A1-1’),,,,  Vi  =  n,k . 

npOHCxo^HT  TUK/Ke  riepenyiviepamifl  KOopjmnaT  HeH3BecTHoro  x : 

d  =  .  (*)„  =  U)7o ,  U)/(l  =  d . 


1  («)' 


I  ("-!)' 


3aTeM  nepecuHTBiBaeM  3HaueHHa  A(''’h  b{n)  j\jik  i=n  +  l,k,  j  =  n,k 

{A^tJ={A™)u-8r{Aw\ 


'*»  7 


'«o 


TeopeMa.  IlycTB  npn  n=l,  £-1  b  ycjiOBHax  onpe^ejieHHa  r?!  -  MO^yjiB 
Beflymero  3JieMeHTa  n  -ro  mara  R-MO,ztH(j)HKaii,HH  MeTO^a  Taycca.  Toma: 

1.  rii+1<2-r  ,n  =  u^I.  (3) 
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2.  Tn+l  =  2-Fn,  n  =  \,k-  \  HeB03M0>KH0  npH  k  >  3 . 

3.  Tn+1  > (1  +  6) ■  Tn ,  n  =  l,k-l,  O<0<1,  HeB03M0>KH0  npH  k  >k0, 
rae  k0>  1  -  BTOpoe  no  BejinnnHe  3HaneHne,  ana  KOTOporo  cnpaBeannBO 

4.  r„  =  2-(l  +  l/(n-3)),  r„,=r„-(l-l/(n-2)2)  npH  n  =  4ji 

f— 1,  /'=mod,  O'+l),  — 

MaTpnpBi  A  e  Mk  ( R )  Taxon,  hto  ( A)j  .  =  \  \/i,j  =  l,k. 

{  f/Ymod^z'+l), 

PaSoTa  noaaepncaHa  rpaHTOM  POOH  (xoa  npoeKTa  12-01-00960). 
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YCEHEHHME  YCJIOBHB  IIOJIHOH IIP03PAHH0CTH 
J\jm  CHCTEM  THnEPEOJIHHECKHX  yPABHEHHH 
BTOPOrO  nOPH^KA 

H.JI.  Co^jpoHOB 

MIILf  «LUjiK)M6epjtce», 
isofronov@  sib.  com 

H3Jio>KeHa  Teopna  nojiyueHua  a  h  (j)  ({)  e  p  e  h  u  h  aa  b  u  o ro  onepaTopa,  Bxonauiero  b 
npoapaniibie  rpaiiHHiibie  ycnoBHa. 

Theory  of  deriving  differential  operator  appearing  in  transparent  boundary  conditions 
is  presented. 

npHMeHeHne  npospaunbix  rpaiiHHiibix  ycjiOBnn  (nrY)  [1]  ana  pemeHna 
rnnepdojiHHecKHx  aaaan  b  otkpbitbix  odnacTax  nosBoaaeT  Hcnoab30BaTb 
BbmncjiHTeaBHBie  oSaacTH  MHHHMajibHoro  pa3Mepa,  nocKoabKy  nrY  aBaaiOTca 
tohhbimh  no  onpeaejieHHio.  Ochobhoh  HeaocTaTOK  nrY  -  Hajinnne  HenoKajibHon 
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HacTM  onepaTOpa,  KOTOpyio  caoacHO  noaynnTB  n,  tcm  6oaee,  peann30BaTB  b 
HeTpHBHajiBHBix  caynaax.  Hhcjichhbih  noaxon  nocTpoemia  KBa3HanaaHTHHecKHx 
nry  [2],  yaoSiibix  fljia  BBiHHCJieHHH,  HcnoaB3yeT  d>ypBe  pa3JioaceHne  no  6a3HCHBiM 
cj)ynKu.HHM  Ha  otkpbitoh  rpaimne  b  coneTaHnn  c  npeacTaBJieHneM  anep  CBepTOK  no 
BpeMeHH  cyMMaMH  3KcnoHeHT.  Eonee  npocTon  cnoco6  HMHTan,HH  HeoTpaaceHna  ot 
otkpbitbix  rpaHHn,  coctoht  b  OTopacbiBaiiMM  HeaoKajiBHOH  nacTH  onepaTOpa  nry, 
T.e.  b  ncnojiB30BaHHH  tojibko  an(J)(J)epeHii,HajiBHoro  onepaTOpa,  Bxoaamero  b  ero 
(|)0pMy.jiBi  [3],  Mbi  Ha3BiBaeM  Taicne  ycnoBna  yceneHHBiMn  nry. 

B  aoioiaae  npeacaaBaena  Teopna  yceaeHHBix  nry  aaa  chctcm 
rnnepSoanaecKnx  ypaBHeHnn  BTOporo  nopa^xa,  BBinncaHBi  cf)opMyjiBi  aaa  paaa 
3aflan  a h naivi m h ecKO h  ynpyrocTn  n  npHBeaeiiBi  HHcaemiBie  npnMepBi. 

PaSoTa  noaaepacaHa  POd>H  (rpaHT  JN°  13-01-00338) 
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30><t>EKT  OEBEMHOH  BH3KOCTH  B  HEPAPXHH 
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B  pa6oTe  KanecTBeHHO  n  ancaeHHO  nccaeayeTca  BanaHne  K03c|)(})Hii,HeHTa  o6bcmhoh 
Ba3KOCTH  (k.o.b.)  Ha  conpoTHBaeHHe  h  Termoo6MeH  b  CBepx3ByKOBoii  h  rHnep3ByKOBOH 
aapoaui  iaivi h Ke  b  paMxax  ypaBHeHHH  HaBBe-CTOxca  h  hx  acHMnTOTHHecKH  ynpomeinibix 
BapnaHTOB.  tloapoSno  nccaeayeTca  aaaana  o  CTpyicrype  yaapnoil  BoaHbi. 

Influence  of  the  bulk  viscosity  coefficient  on  drag  and  heat  transfer  in  supersonic  and 
hypersonic  aerodynamics  is  investigated  in  the  framework  of  the  Navier-Stokes  equations 
and  their  asymptotically  simplified  versions.  A  detailed  study  of  of  the  shock  wave  structure 
is  presented. 

B  HacToaipee  BpeMa  H3BecTHO,  xoTa  n  He  aocTaTomro  mnpOKO,  hto 
KaaccnaecKaa  cj)opMa  ypaBHeHnn  HaBBe-CaoKca-OypBe  (aanee  HaBBe-CTOxca) 
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npHMeHHMa  b  ayarneM  cayaae  tojibko  k  onnoaTOiYinbiM  ra3aM  (He,  Ar,  Ne),  npH  stom 
npHMeHaeTca  rnnoTe3a  CTOKca:  oObeMHaa  Ba3KOCTb  paBHa  Hynio:  Mh  =0  [1]. 

rHnoTe3a,  Kaic  npaBHao,  MoaaaaHBO  npHHHMaeTca  h  no  cen  near  npn 
pemeHHH  3  an  an  aapoTep  m  on  h  h  am  a  k  a  b  paMKax  noaHBix  ypaBHeHHH  HaBBe-CTOKca  n 
nx  ynpomemibix  BapnaHTOB  n  k  MiioroaTOMiibiM  ra3aM,  b  aacTHOCTH  k  B03nyxy,  k 
aTMOC(J)epaM  aaaaeT,  conepacanpiM  C02,  H2.  OnHaKO,  naa  MOJieKyaapHbix  ra30B  c 
BHyTpeHHHMH  CTeneHaMH  CBoSonti  4)eHOMeHOJiornnecKHH  n  KHHeTHaecKHH  BbiBonti 
onpeneaaiomero  ypaBHeHna  naa  TeH30pa  HanpaaceHHH  naiOT  [2]: 

P  =  (-p  +  Prel  +  M,y  •  y)l  +  2 jue°,e°  =  e  - 1  /  3V  •  ul  (1) 

/V 

rne  p  -  naBJiemie,  prel-  peaaKcapHOHHoe  naBaeHHe,  I  -MeTpHaecKHH  TeH30p,e- 
TeH30p  CKOpocTen  ne(J)opMan,nn.  K.o.b. /^noaBaaeTca  H3-3a  Haanana  oSMeHa 
3Heprnen  Meacny  nocTynaTea  b  n  bi  m  a  h  BHyTpeHHHMH  MonaMH.  Ecaa 
npennoaaraeTca,  hto  Bee  3th  npopeccbi  SbiCTpbie,  noaBJiaeTca  onnH  k.o.b.,  KOTOpbin 
nponopu,HOHajieH  BpeMeHaM  peaaKcapHH  npopeccoB  oSMeHa,  h  no3BOJiaeT  yaecTb  hx 
6e3  cymecTBeHHoro  ycnoacHemia  ypaBHeHHH  Monean.  prel  b  naHHOH  paSoTe  He 
paccMaTpHBaeTca  [3], 

H3  BbipaaceHHa  (1)  caenyeT,  hto  BKJian  oSbeMHOH  Ba3KOCTH  TeM  Soabine,  aeM 
CHHbHee  eacHMaeMOCTb  Teaemia,  noaTOMy  yaeT  k.o.b.  ocoOemio  BaaceH  naa 
CBepx3ByKOBbix  TeneHHH,  rne  eacHMaeMOCTb  BeaiaKa  b  ynapHbix  Boanax  h 
norpaiiMHiibix  caoax. 

B  naHHOH  paSoTe  npOBonHTca  hx  aHanro  ypaBHeHHH  H.-C.  Ha  npenMeT 
noaBaeHHa  k.o.b.  b  ac it m bto  tb  h  ec  k  a  ynpomeHHbix  Moneaax.  B  ypaBHeHna  6ynyr 
BxonHTb  aaeiibi  nopanKa  0( /ub  Re  1 ) ,  KOTOpbie  naa  HeKOTOpbix  ra30B  (HanpHMep, 
naa  C02  ph  ~  1  O  ' ),  6ynyr  HecKoabKO  nopanKOB  Soabine  ancea  PeiiHoabnca. 
noaTOMy  naa  Soabuinx  3HaaeHHH  k.o.b.  Teopna  norpaHHHHoro  caoa  pa3Horo 
nopanKa  noaacHa  6bitb  nepecMOTpeHa. 

B  paSoTe  neTaabHO  nccaenyeTca  CTpyKTypa  (J)poiiTa  ynapHOH  BoaHbi  c  yaeTOM 

k. o.b.  Pa3pa6oTaH  aacaeiaibie  MeTon  naa  aKKypaTHoro  pacaeTa.  noKa3aHO  oaeHb 
xopomee  coBnaneHHe  pacaeTOB  c  3KcnepHMeHTaabHbiMH  naHHbiMH  npn  yaeTe  k.o.b. 
PacaeTbi  no  Monean  ElYHC  Taxace  neMOHCTpHpyiOT  cnabHoe  BanaHHe  oSbeMHOH 
Ba3KOCTH  Ha  ocHOBHbie  xapaKTepHCTHKH  TeaeHHa. 

PaSoTa  BbinoaHeHa  npn  (J)HHaHCOBOH  nonnepaoce  rpaHTa  npaBHTeabCTBa  PO 
no  nocTaHOBaemno  N  220  "O  Mepax  no  npHBaeaeHHK)  Benymnx  yaeHbix  b 
poccHHCKne  o6pa30BaTeabHbie  yapeacneHHa  Bbicmero  npocj)eccHOHaabHoro 
o6pa30BaHHa"  no  noroBOpy  JNE  1 1.G34. 3 1.0072,  3aKjnoaeHHoro  Meacny 
MHHHCTepCTBOM  06pa30BaHHa  H  HayKH  PO,  BenyTTTHM  yaeHbIM  h  Mockobckhm 
(J)H3HKO-TeXHHaeCKHM  HHCTHTyTOM  (rOCynapCTBeHHbIM  yHHBepCHTeTOM). 
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CPABHEHHE  II EM B II BIX  PA3HOCTHBIX  CXEM 
PEIIIEHHM  YPABHEHHH  HABEE-CTOKCA 
C'/KHMAEMOrO  TA3A 

B.A.  TirrapeB1 2,  C.B.  Ytkokhiikob2’3 

lBIfuM.  A.A.  ffopodmiubina  PAH,  Mocnea,  P occur,  titarev@ccas.ru 
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yuueepcumem  Mamecmepa,  B e/i u ko 6 p u m a u hr , 
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B  paooTe  npoBoaHTca  cpaBHeHne  HeaBHbix  KOiieHMO-oSbeMiibix  cxeM  ana  pemeHna 
ypaBHeHHH  JdaBbe-CroKca  cacHMaeMoro  ra3a.  /fna  BbiSpamibix  xecTOBbix  3aaan 
nccjieayiOTca  cxoauMOCTb  no  cence,  m  ac  unao  h  p  y  e m o ct b  h  BanaHne  pa36neHna  cenai  Ha 
6jiokh  Ha  CKOpocTB  ycTaHOBJieHHa  CTaunoHapHoro  pemeHna. 

The  paper  concerns  comparison  of  finite-volume  schemes  for  solving  the 
compressible  Navier-Stokes  equations.  For  a  number  of  problems  mesh  convergence, 
scalability  and  the  influence  of  mesh  partitioning  on  the  steady-state  convergence  are 
investigated. 

B  aadopaTOpnn  “FlowModellium”  Md>TH  BeaeTca  pa3pa6oTKa  HHcaemibix 
MeToaoB  n  naKCTa  nporpaMM  ana  pemeHna  TpexMepHbix  cacmviaeMbix  ypaBHeHHH 
HaBbe-CaoKca  xhmhhcckh  pearnpyiomero  ra3a  Ha  ochobc  cym,ecTByiom,ero  3aaeaa 
yuacTHHKOB  npoeKTa  [1-3].  B  HacToaipeM  aoicnaae  6yaeT  npeacTaBaeHO  aeTaabHoe 
cpaBHeHne  HecmabKHx  HeaBHbix  MeToaoB  pemeHna  CTau,HOHapHbix  3aaan, 
noayuaeMbix  npn  KOividmiMpoBanMM  noaHOCTbio  TpexMepHoii  [2,3]  nan  aoKaabHO 
OaHOMepHOH  annpOKCHMapHH  KOHBeKTHBHbIX  np  OH3B  OaHbIX,  KOHBeKTHBHbIX 

noTOKOB  PycaHOBa,  E1LL  h  EfLLC  [4]  h  aByx  MeToaoB  ancKpeTH3au,HH  Ba3Knx 
naeHOB  [5,6]. 


Distribution  A:  Approved  for  public  release;  distribution  is  unlimited. 


100 


B  KanecTBe  npHMepOB  pemaiOTca  aa/iaHH  o  iiorpaiiMHiioivi  caoe  Ha  naacTune  h 
rHnep3ByKOBOM  ooTCKaiiMH  3aTynjieHHBix  Tea.  PacHexbi  npoBO/WTca  Ha  KaacTepe 
aaSopaTOpHH  c  Hcnoab30BaHHeM  po  128  a^ep.  Hccae^yiOTca  cxo^hmoctb  no  ceTKe, 
MacHiTaSnpyeMOCTB  h  BjrnaHHe  pa36nemM  cctkh  Ha  Shokh  Ha  CKOpocTB 
ycTaHOBaeHHa  CTapnoHapHoro  pememni  npn  Hcnoab30BaHHH  HeaBHOH 
^HCKpeTH3au,HH  no  BpeMeHH  rana  LU-SGS  [7,8],  Ochobhbim  KpHTepneM  xanecTBa 
HHcaeHHBix  pe3yrn>TaTOB  aBaaeTca  tohiioctb  BbiHHcaeiiHH  noTOxa  Tenaa  k 
noBepxHOCTH  h  k o 3 c|) (})  u  u  m  e  n  tu  Tpenufl  pa3aHHHbix  HHcea  Maxa  h  PeHiioabaca 
Ha6eraK)Hiero  noTOxa. 

PaSoTa  nofl^epacaHa  rpaHTOM  ITpaBHTeabCTBa  Pd>  no  IIocTaHOBaeHHK)  N  220 
"O  Mepax  no  npuBnenemno  Be/iyniHx  yneHbix  b  poccHHCxne  o6pa30BaTeabHbie 
ynpeac^eHHa  Bbicmero  npo(J)eccHOHaabHoro  o6pa30BaHHa"  no  floroBOpy  jSfo 
11.G34. 3 1.0072,  3axaK)neHHOMy  Meac^y  Mkhkctcpctbom  o6pa30BaHHa  h  Hayxn  PO, 

Be/TyTITHM  yHCIIblM  H  MOCXOBCXHM  c{)  H3  H  KO  -T6  X II H  H  ec  K  H  M  HHCTHTyTOM 

(rocyaapcTBen 1 1 bi m  yHHBepcnTeTOM) . 
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TOHHAfl  PA3HOCTHAH  CXEMA  /JJUI  O/JHOMEPHBIX  YPABHEHHH 
AHH30TP0HH0H  ^HO><Dy3HH  H3JIYHEHHH 

A.B.  IIIhjibkob1,  B.A.  TbirjiHHH2 

JM. JIM  um .  M.B.  Kendbiiua  PAH  -  MocKea, 
ale-shilkov@yandex.  ru 
2HnMuM.  M.B.  Kendbiiua  PAH  -  MocKea, 
trititaty@  gmail.  com 

Pa6oTa  nocBameHa  pa3pa6oTKe  tohhoh  pa3HOCTHOH  cxeMbi  ana  pememia 
oaHOMepHtix  saaan  ana  ypaBHemia  nepeHOca  b  npHdjiHaceHHH  aHrooiponHOH  a  h  ())())  y3HH  b 
njIOCKOH,  U,HJIHHapHHeCKOH  H  ClfiepHHeCKOH  reOMeTpHHX. 

The  paper  considers  development  of  the  exact  finite-difference  scheme  for  solving 
one-dimensional  problems  for  transfer  equation  in  the  anisotropic  diffusion  approximation 
in  the  plane,  cylindrical  and  spherical  geometries. 

CornacHO  KJiaccHcjmKaitHH  THxoHOBa  A.H.  h  CaMapCKoro  A. A.  [1]  «TOHHaa» 
pa3HOCTHan  cxeMa  —  3to  cxeMa,  KOTOpaa  BOcnpOH3BoanT  TOHHoe  aHajiHTHHecicoe 
pemeHHe  chctcmbi  ancjicjiepeHitHajibHbix  ypaBHeHHH  BHyrpH  np ocTp aHCTB eHHBix 
aueeK  c  oaHOpoaHbiMH  cjiroHHecKHMH  CBOHCTBaMH.  Ha  rpaHHpax  aueeK,  rae 

K03(J)(J)HU,HeHTBI  H  HCTOHHHKH  ypaBHeHHH  MOryT  H VI 6Tb  pa3pbIBbI,  IipOMtBOHHTCn 
cniHBKa  pemeHHH  H3  coceamix  aueeK  hjih  yBa3Ka  pemeHHa  c  KpaeBbiMH  ycnoBHaMH 
Ha  BHemHeii  rpamm,e  pacueTHOH  oSnacTH.  Pe3ynbTaTOM  aBJiaeTca  «TOHHaa» 
pa3HOCTHaa  cxeMa  hcxoahoh  aH(J)(J)epeHu,HajibHOH  KpaeBoii  3aaann  (c  tohhoctbk)  ao 
anpHOpHbix  npeanono'/KeiiHii,  npHHHMaeMbix  npn  3aaaHHH  noBeaeHHa 
K03(J)(J)HU,HeHT0B  H  HCTOHHHKOB  BHyTpH  aHCCK).  B  OTJIHHHe  OT  oSbIHHbIX  pa3HOCTHbIX 
cxeM,  b  «tohhoh»  pa3HOCTHOH  cxeMe  He  aeJiaeTca  anpnopHbix  npeanojio>KeHHH 
OTHOCHTenbHO  noBeaeHHa  hckombix  (J)yHKu,HH  BHyTpH  aueeK. 

PaHee  Tomiaa  pa3HOCTHaa  cxeMa  ana  ypaBHeHHH  aHH30TponHOH  amJ)e})y3MM  b 
oaHOMepHOH  nnocKOH  3aaaue  6biJia  nocTpoeHa  b  [2],  (cm.  Taioice  [3]).  ^amran  paSoTa 
pacnpoeipaHaeT  Tomiyio  exeMy  Ha  oaHOMepHbie  Sanaa m  c  HMjmnapHHecKOM  h 
CtjtepHHeCKOH  CHMMeTpHaMH. 

OCHOBHbIM  aOCTOHHCTBOM  «TOHHOH»  pa3HOCTHOH  CXCMbl  aBJiaeTCa  TO,  HTO  OHa 
(b  OTJIHHHe  ot  oobimibix  cxeM)  He  TepaeT  annpOKCHMau,HH  b  onTHnecKH  tohkhx  h 
onTHnecKH  tojictbix  nHeiiKax  npn  nocTaHOBKe  ecTecTBeHHbix  rpaHHHHbix  ycjiOBHH 
Ha  rpaHHite  pacneTHOH  oSnacTH. 

npOBoaHTca  cpaBHeHHe  pe3yjibTaTOB  pacneTOB,  BbinojiHeHHbix  no  tohhoh  h 
oSbihhoh  exeMaM. 

Oocy'/KaaiOTca  Bonpocbi  n paKTH uec ko ro  Hcnojib30BaHHa  cxeMbi  npn  pemeHHH 
npHKJiaaHbix  saaan. 
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METO/J  AEK0Mn03HI^HH  EE3  IIEPEKPBITHfl  nO/JOEJIACTEH 
MO^EJIHPOBAHHH  IIPHCTEHHMX  TYPEYJIEHTHBIX  I  I  MI  HHH 

C.B.  YTIOiKHHKOB 

'The  University  of  Manchester  -U .K, 
s.  utyuzhnikov  @  manchester.  ac.  uk 
MOTH  -  Jfojizonpydnbiu,  P occur 

IloKasbiBaeTca  bo3mo>khoctb  peaaH3auHH  aeKOMno3HUHH  pacaeraoH  odaacra  ana 
MoaeanpOBaHHa  npHCTemibix  Typ6yaeHTHBix  Tenemm.  Ilpn  TaKOM  noaxoae  rpaiiMmioc 
ycaoBne  co  ctchkh  nepeHOCHTca  Ha  HCKyccTBeHHyio  n  p  o  m  e  >k  y  t  o  hi  i  y  i  o  rpaHHuy 
npeHMymecTBeHHO  BHe  aaMHHapHoro  noacnoa.  B  o6meM  cayaae  B03HHKaiomHe 
rpaHHHHBie  ycaoBHa  aBJiaiOTcn  HeaoKaaBHBiMH. 

A  non-overlapping  domain  decomposition  is  developed  for  modelling  near-wall 
turbulence  flows.  Boundary  conditions  are  transferred  from  the  wall  to  an  interface 
boundary  predominantly  situated  outside  the  laminar  sublayer.  This  leads  to  nonlocal 
interface  boundary  conditions. 

ffpHMeHeHHe  BBicoKopeimojiBao  cobbix  Moneneti  TypSynenraocra  TpeoyeT 
nocTaHOBKy  rpaHHHHBix  ycnoBHH  (TY)  Ha  BHemHeii  rpamme  naMHHapHoro  noancoa, 
nacTO  Ha3BiBaeMBix  npHCTeHHBiMH  (JiyiiKunaMH.  KaK  npaBHJio,  TaKue  TY  aBJiaiOTca 
nojiy3MnpHpHnecKHMH.  B  nacToamcii  paSoTe,  nojiyneHBi  npHCTeHHBie  TY  c 
noMomBio  npHdjiHaceHHoro  nepeHoea  TY  co  ctchkh  Ha  HCKyccTBeHHyio  rpaHHiiy.  B 
npocTpaHCTBeHHOH  nocTaHOBKe  Tarae  TY  aBJiaiOTca  HenoKajiBHBiMH.  fIoKa3BiBaeTca 
eymecTBeHHOCTB  HenoKanBHBix  TY  h  paccMaTpHBaiOTca  ocodeHHoera  hx 
peajiH3au,HH.  ITpoaeMOHCTpHpOBaHBi  ocoSeHHoera  nepeHoea  TY  ana  cymecTBeHHO 
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HecTau,HHapHBix  TeneiiMH.  IIoKa3aHO,  hto  Moaean,  ocHOBammie  Ha  CTaimapTiiBix 
npHCTeHHBix  c})ynKHHHx  HenpHMeHHMBi  npH  TaKHx  peacHMax. 

PaSoTa  BBinoaHeHa  npH  nofl^epmce  rpaHTa  IXpaBHTejiBCTBa  Pd>  no 
IIocTaHOBaeHHK)  N  220  "O  Mepax  no  npnBJieneHHK)  Be^yninx  yneHBix  b  poccnncKne 
o6pa30BaTeaBHBie  ynpeac^emni  BBicmero  npocjDeccnoHajiBHoro  o6pa30Bamni"  no 
^oroBOpyJVo  1 1.G34.31.0072. 
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KOHTPOJIt  UIHPHHBI  III  AT  A  I1PH  HHCJIEHHOM  HCCJIE^OBAHHH 
CXO/JHMOCTH  nOJIHHOMA  HHTEPnOJIHI^HH 
3KCIIEPHMEHTAJIBHMX  /JAHHEIX 

O.  r.  Hidkko 

MocKoecKuu  3KOJioeuuecKuu  Ijeump,  Poccuh, 
oleg.  tschischko  @  ingenieur.  de 

flpoBeaeiio  m are m aT h h e c k o e  MoaejinpoBaiiHe  x  h  m  h  necico  r o  cocTaBa  chctcmbi, 
noayneHHon  npn  cropaHnn  TBep^Bix  rui as m o o 6p as y i o lu h x  TonjinB.  MesoaoM  cnjiaimoM 
nojiyneHBi  (j)yHKUHH  H3MeneiiHH  TenaoeMKOcm  KOMnneiccHBix  coenHiiemm  amoMKHna. 
ll3yHeiIO  BJ1HHHHC  HeBflSKH  H  nOrpeUIHOCTH  aHCKpeTH3aUHH  Ha  TOHHOCTB  annpOKCHMaUHH 
aKTHBHOCTeH  CMeCCBBIX  KpHCTaJIJIHHeCKHX  BemeCTB. 

We  introduce  the  mathematical  model  of  computation  for  the  chemical  content  of 
systems,  which  are  produced  during  the  burning  processes  of  solid  plasma- spraying  fuels. 
The  functions  for  heat  capacities  of  complex  aluminum-containing  compounds  were 
interpolated  with  help  of  the  spline  method.  We  study  an  influence  of  the  local  and  global 
discretization  errors  on  the  approximation  of  activities  for  oxide  composites. 

Han^eM  nncjieHHoe  pememie  nacTHon  npon3BOflHon  ypaBHeHna, 
nojiyneHHoro  cnjiaimaMH  no  ^aHHBiM  KajiopnMeTpnnecKoro  aHajiroa ,  jpisi 
npHBe^eHHon  3Heprnn  Tn66 ca 

Ahd)°(T)=f(T,d)0(T)),  d>°(298,15)=AT0,  Tei(To,T0+H),  (1) 

MeTO^aMH  3njiepa  nepBoro  c  HeBa3KOH  npn6jin>KeHmi  [1] 

Tn  =  (4>n -  4^n-i)/h  -  f(Tn_i,c^  n_i(T)),  n  =  0,  . . . ,  N,  (2) 
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Xeima  (TpaneiiHH)  BTOporo  h  PyHre-Kyrra  HexBepToro  nopajpcoB. 

B  TaSjiHpe  1  BbiBeaeHa  oumSica  ^HCKpeTH3au,HH  en=max0<n<N||^)O(Tn)  -  <t)n(T)|| 
b  npeanojioaceHHH  KOHBepreHTHOCTH  d>°(298,15)  h  (J)0,  a  Taicace  kohchctchthocth 
3HaneHHH 

I  len|  |<|  |  en.  1 1 1+hLI  len_  1 1  l+h|  |xnl  I  (3) 

ana  BBiHHCJiHTejitHoro  aaropHTMa  tohhoh  nocTaHOBKH  3aaanH  Koiiih.  3aecb  A298,i5  - 
KOHCTaHTa  HHTerpHpOBaHHa  h  Ah  onepaTOp  HHe}xJ)epeimMpoBannfl,  L  -  nocToannaa 

CXOAHMOCTH. 

Ta6jiHii,a  1:  HeBa3ica  h  norpeniHOCTb  annpOKCHMau,HH 


MeToa 

3iiJiepa 

Xeima 

PyHre-KyTTa 

|ehl 

LQarh 

lxhl 

lxhl 

lxhl 

0,01 

8,3666234391 

0,6163134392 

0,0706482156 

0,2707517365 

0,001 

0,6296028597 

0,0048414538 

4,7279124686E-6 

0,2115998264 

0,0001 

0,0607887368 

4,7448783604E-5 

4,4970249746E-10 

0,2096778906 

IlycTB  cj)yHKu,Ha  f(T,d>°(T))  HenpepBiBHa  Ha  I  h  cxo^htoi 
llf(T,0°(T))  -  f(T,(J)(T))||  <  L| |0°(T)  -  c|)(T)||,  (4) 

to  pemeHHe  (3.2)  cymecTByeT  h  eaHHCTBeHHO  aaa  T  >  0. 

HeoSxoaHMO  caeaaTB  bbiboa  [2],  hto  npH  BbinojmeHHH  ycnoBHa 
CTaSHJiBHOCTH  (4)  npHdjmaceHHe  pememia  (1)  orpaiiMHeno  3naHenneivi  L,  a 
BeaHHHHa  HiHpHHti  mara  y^OBJieTBOpaeT  hn<2/Ln_i  npH  n>l.  YTOHnenne 
BbiuieHa3BaHHoro  apryMeHTa  no3BOJiaeT  pacninpHTB  oSaacTt  aeiicTBHa  (4)  Ha  pacueT 
opeHKH  aoKajiBHOH  ohih6kh  ||Th||<0,5h  maxTnei||(I)"(T)||,  KOTOpaa  Ha  HauajibHOM 
HHTepBaae  TeMnepaTyp  npH  h=0,01  He  flocraraeT  aamioro  HepaBeHCTBa. 
YMeHBmeHHe  po  h=0,001  CHHMaeT  3Ty  npoSneMy.  TaoSajibHaa  ace  norpeniHOCTB 
npeanoaaraeTca  maxTneillenl|<H-exp(HL)maxTneillTn||  ropa3^o  Sojibiueii,  next 
ManiHHHaa  tohhoctb  OKpyrjieHHa. 
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O  PA3HOCTHEIX  CXEMAX  #JIJI  PACHETA  Ul  lHHI  HIIMX 
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PaHee  aBTopaivm  b  paMKax  oanoMepiiOH  ruapoaH  iiaivi h uecKoii  Moaenn  6biji 
HCCJieaoBaH  3<|)(|)eKT  BHeoceBoro  onpOKHabiBamra  uHJiHiiapHHecKHx  aKCHajibHO- 
CHMMeTpHHHbix  HeaHiieHHbix  rma3MeHHbix  KoaeSaiiHH.  B  aoKJiaae  ana  aByxMepHoro 
MoaeJiHpOBaHHa  yKa3aHHoro  3())(j)eKTa  Ha  KOMnbiOTepax  c  pacnpeaeneHHOH  riaiviaTbio 
oOcyacaaeTca  aBiibiii  MeToa  BTOporo  nopaaxa  tohiiocth  b  sibiepOBbix  nepeivieiiHbix. 

Previously,  the  authors  was  investigated  the  effect  of  off-axis  breaking  cylindrical 
axially  -  symmetric  nonlinear  plasma  oscillation  in  the  one-dimensional  hydrodynamic 
model.  In  report,  a  two-dimensional  simulation  of  this  effect  on  computers  with 
distributed  memory  discussed  explicit  method  of  second  order  accuracy  in  Eulerian 
variables. 

B  KauecTBe  oSbCKTa  ana  HecneaoBaHHH  naa3MeHHBie  KoneSanna  Bbiopaimi  H3 
CUeayiOLUHX  COoSpanCeHHH.  C  OaHOII  CTOpOIIbl,  xopomo  H3BCCTHO  ([1]),  HTO 
oaHOMepHbie  HHnmiapHHecKHe  Koneoaiiua  b  naa3Me  patpymaiOTca  npH  aio6bix 
(cKoab  yroaHO  Maabix!)  aMnnmyaax  BcaeacTBHe  BKaaaa  oneicrpoiiiibix 
HeaHHeiiHOCTeH  b  caBHr  nacTOTbi.  3to  noponcaaeT  m  ut  e  m  a™  h  e  ck  y  i  o 
HeTpHBHanbHOCTb  3aaanH.  A  c  apyroii  -  ohh  aBJiaiOTca  npocToii,  ho  BecbMa 
coaep'/KaTea biioii  MoaeabK)  ana  HtyueiiMa  axcM an b n o - c m m m eTp h h n bi x  KHnbBaTepHbix 
nna3MeHHbix  bobh,  B036yncaaeMbix  a  b  m  >k  y  lu,  n  m h c a  m ctoh i  i  h Kavi h  -  apaiiBepaviM 
(aneKTpOHHbiMH  crycTKaMH,  kopotkhmh  na3epHbiMH  HMnynbcaMH). 

IIpH  MaTeMaTHnecKOM  MoaenHpOBaHHH  npopeccoB  b  SeccTonKHOBHTenbHOH 
xonoaHoii  nna3Me  HanSonee  nacTO  Hcnonb3yiOTca  aea  noaxoaa:  MeToa  nacTHu,  h 
THapoaHHaMHuecKoe  onHcaroie.  B  nepBOM  cnyuae  KpHTepneM  onpOKHabiBaHHa 
(pa3pymeHHa)  Koneoannii  aBnaeTca  nepeceneHHe  oneKTpomibix  TpaeicropHH,  a  bo 
BTOpOM  -  o6pam,eHHe  b  SecKOHenHOCTb  cj)yHKu,HH,  onHCbiBaionteii  nnoTHOCTb 
3neKTp oho b .  B  [2]  HMeeTca  CTporoe  oSocHOBamie  noaBneHHa  CHHrynapHO cth 
cpeabi  npH  nepeceneHHH  TpaeKTOpnii  nacTHu,. 

OaHOMepHaa  aaaana  06  onpOKHabiBaHHH  Kone6aHHH  b  3iinepoBLix 
nepeMeHHbix  ynce  aBnaeTca  aocTaTOHiio  cnoncHoii  c  b bi h h cn HTen b n o ii  tohkh  3peHHa 
[3],  Bo-nepBbix,  3HaneHHe  KOOpaHHaTbi  no  BpeMeHH  pa3pymeHHa  Kone6aHHH  BecbMa 
nyBCTBHTenbHO  k  BxoaHbiM  aamibiM:  b  cu  a6o  -  ii  en  h  ii  e  ii  ii  o  m  npHonHaceiiHH  oho 
oopamo  nponopu,HOHanbHO  Ky6y  iiaHanbiioii  aMnnHTyabi.  3to  oaiiauaeT,  hto 
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onpe^enemie  (JiH3HwecxHx  napaMeTpOB  BBinncnHTenBHO  nocTynnoro  BapHaiiTa 
aBnaeTca  HenpocToii  sa^anen.  Bo-BTOpBix,  pa^nanuHaa  (no  OTHomeHHK)  k  och 
CHMMeTpnn)  xoopnmiaTa  onpoKunBiBanua  b  yMepeHHO  HennHeimoM  pencnMe,  T.e. 
Kor^a  B03Myin,eHne  anexTpOHHon  nnoTHOCTn  Bcero  Jinmb  Ha  nopa^ox  npeBoexo^HT 
(j)OHOBoe  3HaneHne,  cocTaBJiaeT  nopa^xa  1-2  %  ot  xapaxTepHoro  pa3Mepa 
pacneTHon  oonacTu.  ^pyraMH  cnoBaivin,  c  nenbio  aneKBaTiioro  OTo6pa>Kenna 
nponecca  TpeoyiOTca  no  nopa^xy  Tbicann  tow  ex  no  xaac^on  npocTpaHCTBeHHon 
KOopnnnaTe  na>xe  npn  ycnoBnn  raa^xocTn  n  orpannHennocTn  hcxombix  (|)ynKnnn. 

Ilpn  OTxa3e  ot  axcnaabHon  CHMMeTpnn  3aflann  HeoSxoflHMbiM  .zpia  pacneTOB 
CTaHOBHTca  npHMeHeHne  cynepxoMnbiOTepOB:  TpeSyeMbin  o6beM  BBinncneHnn 
BbipacTaeT  npHMepHO  Ha  Tpn  -  nexbipe  nopa^xa,  anaaoranno  MeHaiOTca  TpedoBamia 
x  onepaTHBHon  naMara.  KpOMe  toto,  Monepn n 3n py iotch  nnen  BBinncnnTenBHBix 
ajiropHTMOB,  Tax  xax  m acuiTaSnpye m o ct b  pacneTOB  cymecTBemio  onnpaeTca  Ha 
aBHbie  MeTO^bi  annpoxcHMau,HH  [4]. 

B  ^oxna^e  npHBe^eHbi:  (J)H3HHecxaa  nocTaHOBxa  3aAann  h  xanecTBeHHBin 
cpeHapHH  pa3BHTna  -  3aBepmeHHa  a  k  cn  an  b  n  o  -  c  n  m  m  e  t  p  n  h  n  b  i  x  nna3MeHHBix 
xoneSaHHH,  pe3ynBTaTBi  o^HOMepHoro  MO^enupOBaHna  Ha  ocHOBe 
THflpoflHHaMHnecxoro  onHcaHHa  c  HcnonB30BaHHeM  nepeMeHHBix  3iinepa  h 
JIarpaHaca,  pacneTBi  no  ^ByxMepHOH  MOflenn  Ha  CKHO  MTY  "HeObiineB"  Ha  6a3e 
rnOpn^Horo  napannenBHoro  xo/ja.  Ochobhoh  axpeHT  c^enaH  Ha  xoHCTpyxu,HH 
HcnonB3yeMBix  pa3HOCTHBix  cxeM. 

CnucoK  jiumepamypbi: 
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2.  TopSyHOB  JIM.,  OponoB  A. A.,  Hh)xohxob  E.B.,  AH^peeB  H.E.  OnpoxnABiBamie 
HenHHeiiHBix  nnnnnnpnnecKnx  Konedannii  nna3MBi  //  <En3Hxa  nna3MBi.  2010. 
T.36,  N°4.  C.375-386. 

3.  IlonoB  A.B.,  Hh>xohxob  E.B.  06  oahoh  pa3HOCTHoii  cxeMe  ^na  pacneTa 
nna3MeHHBix  aKC n an b n o -cn m m eTp n h n bi x  xonedamiH  //  Bbihhch.  MCTonBi  h 
nporpaMM.  2012.  T.13,  N°l.  C.5-17. 

4.  Chizhonkov  E.V.,  Frolov  A. A.  Numerical  simulation  of  the  breaking  effect  in 
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Modeling.  2011.  V.26,  M>4.  P.379-396. 
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OB  O^HOH  PA3HOCTHOH  CXEME  PEIHEHHfl 
YPABHEHHH  CEH-BEHAHA  B  TEOPHH  MEJIKOH  BO/JBI 

A.  A.  CyxoMoarHH1,  K3.B.  IIIepeTOB2 
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npHBe^eH  KOiieHHO-pasHOCTiibiH  Bbmoa  peryjiapH30BaHHbix  ypaBHeHHH  CeH— 
BeHaHa  b  TeopHH  mcjikoh  bo^bi.  HccneaoBaHbi  hx  cbohctbu.  IIocTpoeHa  pa3HOCTHaa  cxeMa 
pacnera  onnoiviepnbix  HecTaitHOHapHbix  TeneiiMH  >kh^kocth.  Mexonoivi  xneprexHHecKHx 
HepaBeHCXB  b  nmieitHOM  npHdnHaceHHH  nonyneHO  aocxaionnoc  ycnoBHe  ee  ycxoitHH  bocth. 
PaccMOxpeHa  cepna  xecxoBbix  saaan. 

Finite-difference  derivation  of  regularized  Saint-Venant  equations  in  the  shallow 
water  theory  is  presented.  Their  properties  are  investigated.  Finite-difference  scheme  of 
calculation  one-dimensional  non-stationary  fluid  flows  is  constructed.  Sufficient  condition 
of  it  stability  is  obtained  in  linear  approximation  by  the  method  of  energy  inequalities.  A 
series  of  test  problems  is  considered. 

B  MOHOrpa(J)HH  [1]  H3n05KeHbI  KOHeHHO— pa3HOCTHBie  BLIBOflbl 
peryjiapH30BaHHbix  ypaBHeHHH  HaBbe-CnoKca  ana  Ba3KOH  OKHMaeMOti 
TennonpOBoaHOH  cpeati.  OaHa  H3  nonyneHHbix  chctcm  coBnana  c 
KBa3Hra3oanHaMHHecKoii  CHCTeMOH,  npeanoncemroH  B.H.  HeTBepyimcHHbiM  h  TX. 
EnH3apOBOH.  Ha  ochobc  KBa3Hra3oanHaMHHecKOH  chctcmbi  b  [1]  nocTpoeHa 
34>c[)eKTHBHaa  pa3HOCTHaa  cxeMa  pacneTa  oaHOMepHBix  HecTau,HOHapHBix 
ra3oanHaMHHecKHx  TeneHHH  b  xitnepoBbix  rcoopanHaTax.  TaM  nee  npHBeaeHO 
aoKa3aTejibCTBO  TeopeMbi  06  ee  y  cto  it  h  m  b  o c th  b  aicycTHHecKOM  n  p  tt on  h 'ace  i  inn. 
,I],ocTaTOHHoe  ycnoBHe  y  cto  it  h  h  b  octh  naenTHHiio  HepaBeHCTBy  KypaHTa.  3to 
HaynHoe  HanpaBnemre  nonyunno  aantHeiimee  pa3BHTHe  b  paSoTax  MHornx  aBTOpOB. 

KBasHratoaHiiaMHHecKaa  CHCTeMa  b  SapoTpomiOM  n  p  tt  on  h  ace  n  tt  tt  6bina 
BnepBbie  BbinncaHa  A. A.  3noTHHKOM  [2],  PerynapH30BaHHbie  ypaBHeHHa  CeH- 
BeHaHa  npeacTaBnaiOT  co6oh  ee  nacTHbiir  cnynaH.  B  nocneattee  BpeMa  naen, 
Htno'/Kemibie  b  [1],  CTann  npHMeHaTbca  ana  BbiBoaa  perynapH30BaHHbix  ypaBHeHHH 
TeopHH  MenKoir  Boati  h  KOHCTpyHpOBaHHa  Ha  hx  6a3e  hobbix  pa3HOCTHbix  cxeM  [3], 
B  HacToameir  3aMeTKe  3th  HceneaoBaHHa  npoaonnceHbi. 

PaSoTa  aBTOpOB  [4]  nocBameHa  HecneaoBamno  cbohctb  KnaccHnecKHx 
pemeHHH  perynapH30BaHHbix  ypaBHeHHH  CeH-BeHaHa.  ,0,ana  nocTaHOBKa  ochobhoh 
HananbHO-KpaeBOH  3aaann  h  aoxasaHa  TeopeMa  o  B03pacTaHHH  c  TenemreM  BpeMeHH 
cneu,H4)HHecKOH  3HTponHH.  BbiBeaeHa  perynapH30BaHHaa  CHCTeMa  CeH-BeHaHa  b 
nHHeiiHOM  n  p  tt  on  tt  nee  1 1  tt  tt .  ^na  Hee  ycTaHOBneHbi  CBOHCTBa  a  ch  m  n  t  o  th  h  e  ck  o  it 
ycTOHHHBOCTH  paBHOBecHoro  pemeHHa  h  eaHHCTBeHHOCTH  KJiaccHnecKoro  pemeHHa. 

B  CTaTbe  [5]  npHBeaeH  ko n e h n o-pa3 n oct n bi it  BbiBoa  perynapH30BaHHbix 
ypaBHeHHH  CeH-BeHaHa.  Ha  hx  ochobc  nocxpoeHa  aBHaa  HennHeiman  oaHOpoaHaa 
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pa3HOCTHaa  cxeMa  nepBoro  nopa^Ka  annpOKCHMau,HH  no  npocTpaHCTBy  n  BpeMeHH, 
no3Bonaiomaa  npnSjinaceHHO  HaxonuTb  o6o6m,eHHbie  pernemM  KJiaccnnecKnx 
ypaBHeHHH  CeH-BeHaHa  b  Teopnn  mcjikoh  bo^bi.  IIpOBeneHa  cepna  tcctobbix 
pacneTOB  o^HOMepHLix  HecTapnoHapHtix  TeuemiH  jkh^kocth  co  cboSoahoh 
rpaHHu,en.  ^Jia  3anann  PnMaHa  o  pacnane  pa3pBiBa  n  Sanaa m  o  HaTeKaHnn  noTOKa 
>KHnKOCTH  Ha  nperpany  Hcnojib3yeMbiH  anropHTM  OKaaaaca  Ha  nopanoK  Tomiee,  hcm 
MCTon  JlaKca-OpnnpHxca,  npn  nesiiaaMTeabiiOM  yBeaHaeiniH  3aTpaT  ManiHHHoro 
BpeMeHH.  KanecTBO  pa3HOCTHoro  pememM  Taicace  yjiyHiHHJiocb.  B  [6]  MeTonoM 
3HepreTHaecKHx  HepaBeHCTB  BtiBeneHO  nocTaTOHHoe  ycjiOBne  ycTOHHHBOCTH  no 
HanajiBHBiM  namibiM  Hcnojib3yeMOH  pa3HOCTHOH  cxeMbi  b  jikhchhom  npnSjiHaceHHH . 
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MaTeM.  h  MaT.  (J)H3hkh.  2010.  T.  50,  N°  2.  C.  325-337. 
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MATEMATHHECKOE  MO/JEJIHPOBAHHE  3JIEKTPHHECKOrO  nOJIH 
B  OEJIACTBX  C  A 1 1 H 301  PC) n II hi M H  OEEEKTAMH 

M.H.  3hob\  H.B.  IUraGejii.1,  3.IL  IIIypHHa2 
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B  paooTC  npeaJiO'/Kena  BbiHHcnHTenbHaa  cxeMa  ana  ypaBHeHHa  TenbMronbua  c 
TeH30pHbIM  K03(J)(J)HII,HeHT0M  3neXTp0np0B0aH0CTH.  HliCJieHHOe  MOaeJIHpOBaHHe 
BbinonHeHO  Ha  6a3e  BexTopHoro  MeTona  xoHenHbix  3neMeHT0B.  npOBeaeH  pan 
BbiHHcaHTenbHbix  3KcnepHMeHT0B,  noKasbiBaioiHHH  BJinaHHe  aHH30TponHoro  oObeKTa  Ha 
none  b  3aBHCHM0CTH  ot  nonoaceHHa  odbexTa  h  nacTOTbi  HCTOHHHxa  B036y>xaeHHa  nona. 

The  computation  scheme  for  the  Helmholtz  equation  with  tensor  conductivity  was 
proposed  in  this  work.  Numerical  computations  based  on  vector  finite  element  method.  The 
series  of  numerical  experiments  showed  effect  from  anisotropic  object  depending  on 
object’s  location  and  source  frequency. 

B  paSoTe  paccMOTpeHO  MaTeMaTHnecxoe  MoaennpoBaHHe  aneRTpHuecxoro 
nona  b  uacTOTHOH  oSnacTH,  orracbiBaeMoe  ypaBHeHHeM  renbMrojibita: 

rot  pA  rot  E  +  orsE  -  icooE  =  -icoj 

ExnL=° 

rae  E-  3JiexTpHHecxoe  none,  J  -  B03Mym,aioiH,HH  tok  b  reHepaTOpHon  nerae,  p  \s- 
MamnTHaa  n  aHsnexTpHHecxaa  npoinmaeMOCTH  cooTBeTCTBeHHO,  a 
3nexTponpoBonnocTb  cpenbi,  onncbiBaeMaa  TeH30p0M  BTOporo  paHra.  Ha  rpaimne 
oonacTH  3aaaHbi  xpaeBbie  ycnoBna  «6onbmoro  6axa». 

Bapnan,noHHa a  nocTaHOBxa  arm  ypaBHeHna  renbMronbua  nocTpoeHa  Ha  6a3e 
BexTOpHoro  MCToaa  xonemibix  sneMeHTOB  Ha  CHMnnHitHanbHbix  HepaBHOMepHbix 
ceTxax  c  noxanbHbiMH  crymeiiHaMH.  B  xauecTBe  6a3nca  6bin  Bbiopan  nonHbiii  6a3HC 
Heaenexa  nepBoro  nopaaKa,  accoHnnpoBannbih  c  peSpaMH  TeTpaaapanbHoro 
pa36neHHa. 

B  paSoTe  HecneaoBaHO  BnHamie  aHH30TponHoro  oSbexTa,  Haxoanm,eroca  b 
H30TponHoii  cpeae,  Ha  noBeaeHHe  anexTpHnecKoro  nona.  B  xanecTBe  oSbexTa 
HecneaoBaHHa  6bin  Bbiopan  hhcx,  TonntHHa  xoTOporo  b  Hecxonbxo  pa3  MeHbme 
anaMeTpa.  3nexTponpOBoaHOCTb  Baonb  oSbexTa  oraHnaeTca  ot 
anexiponpOBoaHOCTH  b  xpyrnoM  cenennn.  Taxaa  aHH30TponHa  oruicbiBaeTca 
aHaroHanbHbiM  TeH30p0M:  cr  =  diag(crv,<rv,cO,  rae  ax,a  -  anexrponpOBoaHOCTb  b 

xpyrnoM  ceneHHH  ancxa,  cr_  -  anexTponpOBoaHOCTb  Baonb  TonntHHbi  ancxa. 

OSbexT  MonceT  6biTb  npOH3BonbHO  opneHTHpOBaH  b  npocTpaHCTBe,  Toraa 
TeH30p  anexiponpOBoaHOCTH  b  ypaBHeHHH  renbMronbua  CTaHOBHTca  nnoTHbiM  h 
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3HaneHHa  KOMnoHeHT  TeH30pa  3aBHcaT  ot  nonoaceHHa  .ancica,  OTHOCHTejiBHO 
CHCTeMBI  KOOpaHHaT  [  1  ] . 


Phc.  1.  Pacnpe^ejieHHe  aeHCTBHTejiBHBix  KOMnoHeHT  noaa  Ex,  Ey  ana 
H30TponHoro  (KpHBBie  1  h  3)  h  aHH30TponHoro  oSbeKTa  (KpHBBie  2  h  4)  no  npocjmjno 
x=3.4m 

HccneAOBaHHe  n0Ka3a.no,  hto  aHH30TponHBin  oSbckt  He  Bceryja  MoaceT  6bitb 
BbiaeaeH  b  3JieKTpnnecKOM  none,  C03aaBaeM0M  roprooHTajiBHon  tokoboh  neTJien  Ha 
nacTOTax  ot  1  kEu,  ro  1  MTu,,  no  cpaBHemno  c  TaKHM  ace  H30TponHBiM  oSbcktom. 
MaKCHManbHoe  npoaBJieHHe  aHH30TponHBix  cbohctb  oSbeicra  6bijio  3acj)HKCHpOBaHO 
Ha  hh3koh  nacTOTe  (1  kEh,),  xor^a  ocb  aHH30TponnH  a  aBJiaaacb  TaHreHpHajibHOH  k 
nJIOCKOCTH  neTJiH  (cm.  pnc.  1). 
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MO^EJIHPOBAHHE  BEICOKOHACTOTHOrO  TPEXMEPHOrO 
3JIEKTPOMArHHTHOrO  nOJIJI  B  OBJIACTJIX 
C  MAJIBIMH  BKJIK3HEHHHMH 

M.H.  SnoB1,  3.II.  IIIypHHa1’2,  E.H.  MHxaHJiOBa2 

1  Hue  mu  my  m  ne(pmeza3oeou  zeojiozuu  u  zeocpmuKU  um.  A.  A.  TpocpuMyKa 

CO  PAH  -  HoeocudupcK,  Poccuh, 

2Hoeocu6upcKuu  zocydapcmeeHHbiii  mexmmecKuii  ynueepeumem, 

shurina  @  online. sinor.  ru 


B  pa6oTe  pace  iviaTp  h  BaiOTca  ocodemrocTH  HHcaenHoro  MoaejinpoBaHHa 
KBa3HCTaU,HOHapHBIX  3JieKTpOMarHHTHBIX  nOJieil  B  o6jiaCT3X  CJIO)KHOH  reOMeTpHH  c 
MaJIBIMH  BKJIIOUeHHflMH  BCKTOpHBIM  MeTOflOM  KOIICHIIblX  SJieMeHTOB  Ha  TeTpaSapaJIBHBIX 
pa36neHHax. 

The  paper  is  devoted  to  some  aspects  of  numerical  simulation  of  quasi- stationary 
electromagnetic  fields  in  complex  computational  domains  with  small  inclusions.  The 
problem  is  solved  using  the  vector  finite  element  method  on  tetrahedral  triangulation. 


B  HCcaeaoBanHax  coBpeMeHHBix  HCKyccTBeHHBix  h  iipupoanbix  oobcktob 
CJI05KH0H  reOMeTpHHeCKOH  H  3JieKTpO(J)H3HHeCKOH  CTpyKTypBI  Bee  6onee 
B0CTpe60BaHHBIMH  CTHnO BATCH  BBIHHCJIHTeJIBHBie  cxeMti,  ooecnewMBaioutue 
HeoSxoflHMyio  tohhoctb  pemeiiHH  TpexMepHBix  ypaBHemni  MaKCBejina.  B 
nacTOTHOH  oSaacTH  ana  ko  m  n  a  cck  n  03  h  an  n  o  ro  BCKTopa  nanpa>KennocTH 
3JieKTpHnecKoro  noaa  E  nepexoa^T  k  pemeHino  ypaBHeHHH  rejiBMrojiBita  b 
pacueTHOH  oSaacTH  Q.  c  JlnnHiHit-HenpepBiBHOH  rpaHHiteii  <3Q  =  T3  +  T M 

rot  p  1  rot E  +  k2E  -  -too J  b  Q 

rae  k 2  -  BOJiHOBoe  hhcjio,  He  HBJiHiomeecH  coSctbchhejm  3HaneHHeM,  r3  h  TM  - 
rpaHHitti,  Ha  KOTOpBix  3aaaHBi  3JieKTpHHecKHe  h  MarHHTHBie  KpaeBtie  ycjiOBHH 
COOTBeTCTBeHHO ! 


iixE 


®0x’ 


p  ’rotExii 


=  0 


H 


=  o, 


p  ’rotExii 


=  -ioA) . 


npH  BBIHHCJieHHaX  B  oS-JiaCTHX  C  BHyTp  eHHHMH  rpaHHItaMH,  K  KOTOpBIM 
OTHOCHTCH  H  oSjiaCTH  C  M3JIBIMH  BKJHOHeHHJIMH,  pa3aeJHHOIH,HMH  noaoSnacTH  c 
KOHTp  aCTHBIMH  3JieKTpO(J)H3HHeCKHMH  XapaKTepHCTHKaMH,  aOJI>KHBI  BBinOJIHHTBCH 
ycjiOBHa  HenpepBiBHOCTH  TaHreHu,HajiBHBix  komhohcht  BCKTopa  nanpa’/KemiocTH 
3JieKTpHHecKoro  noun  h  ctcaHica  ero  HOpMariBHOH  KOMiioneiiTBi.  npH 
K0HeHH03JieMeHTH0H  annpOKCHMau,HH  ypaBiieiiMH  rejiBMrojiBita  Ha  TeTpaaapajiBHOM 
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pa36iieHHH  pacHeTiioH  ooaacTH  Ha  c^ynKuuax  c})opivibi,  n  pun  a/m  e>xa  m  m  x 
npocTpaHCTBy  H(rot,  Q)  [1,  2],  CHCTeMa  jihhchhbix  aareopaHHecKHx  ypaBHemm 
(CJ1AY)  aBJiaeTca  3HaKOHeonpe,nejieHHOH  BCJie^CTBHe  Hyat-a^pa  rotrot-onepaTOpa, 
hto  npHBOflHT  k  HeoSxoflHMOCTH  Hcnojib30BaHHa  cneu,HajibHoro  pemaTejia  h 
HepapxHnecKoro  6a3Hca  He  MeHee  BTOporo  nojiHoro  nopa^xa  [3], 

B  paooTe  npe^CTaBJieHbi  pe3yjibTaTBi  MoaeanpoBaiiHa  ajieicTpOMarHHTHoro 
nona  b  cpe^ax  c  MaatiMH  BKJHoneHHaMH  npn  BapBHpOBaHHH  nacTOT  (ot  500  Mru,  ,zio 
10  rrp),  pa3MepOB  BKJironeHHH  h  paccToaHHa  Meac^y  hhmh. 

PaOoTa  BtinojiHeHa  npn  nofl^epacKe  Me5K^HCu,HnjiHHapHoro  HHTerpau,HOHHoro 
npoexTa  CO  PAH  N°98 
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